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L1 cam doan

Toi xin cam doan day la cong trinh nghién citu ctia téi dudi sy hudéng dan cua
PGS. TS. Dang Tuan Hiep va PGS. TS. Lé Cong Trinh. Cac két qua viét chung véi
tac gid khac da duge sy nhat tri clia dong tac gid trude khi dua vao luan an. Céac
két qua néu trong luan an la trung thuc va chua ting dude ai cong bd trong bat ki

cong trinh nao trude do.

Tac gia

Nguyén Thi Mai Van



LO1 cam on

Loi dau tién, t6i xin dugc bay t6 sy kinh trong va long biét on sau sic t6i thay
toi, PGS. TS. Dang Tuan Hiep. Thay da dinh hudng nghién ctiu, kién tri va tan
tinh truyén dat, gidng giai kién thiic chuyén mon, giup toi vigt qua nhitng lic kho
khan, dé c6 thé chii dong va tu tin trong sudt qua trinh hoc tap v nghién ctu.

Toi xin bay t6 long biét on tran trong dén thay PGS. TS. Lé Cong Trinh. Thay
luon chi bao tan tinh, khich lé dong vién va quan tam wu ai dén toi rat nhiéu trong
nhiing ndm qua.

Toi xin chan thanh cdm on sy gop ¥ va gitp d6 tan tinh ctia TS. Lé Thanh Hiéu,
TS. Ngo Lam Xuan Chau, TS. Pham Thuy Huong va TS. Nguyén Bin da danh cho
toi trong qua trinh viét va chinh stta Luan an.

To6i xin gt 16i cdm on chan thanh dén Ban gidm hiéu Truong Dai hoc Quy Nhon,
Phong Dao tao sau dai hoc, Khoa Toan va Thong ké da tan tinh gitup dd va tao
moi diéu kién thuan lgi dé t6i hoan thanh chuong trinh hoc tap.

To6i xin tran trong cam on Ban giam hiéu Truong Si quan Khong Quan, lanh dao
Khoa Co ban ciing toan thé giang vien trong khoa da trao cho toi co hoi duge tiép
tuc di hoc va tao nhiéu diéu kien thuan loi dé toi tap trung hoc tap.

Toi xin tran trong cam on Ban giam hiéu Truong Si quan Ky thuat Quan sy
ciing cac dong chi ¢ Dai doi 2, Tiéu doan 1 da luon tan tinh gitp dé tao moi diéu
kién than lgi trong thoi gian toi hoc tap va nghién cttu & Truong Dai hoc Quy Nhon.

Toi xin bay t6 long biét on dén PGS. TS. Nguyén Chanh Ta, TS. Nguyén Thi
Ngoc Giao (Truong Dai hoc Bach khoa, Dai hoc Da Néng) va Th.S Nguyén Hong
Cong (Truong Qudc té Chau & Thai Binh Duong Gia Lai) vé sy giup dd chan thanh.

Xin dugce gii 10i cdm on t6i GS. TS. Pham Tién Son, PGS. TS. Ta Lé Lgi, TS.
Trinh Dic Tai (Truong Dai hoc Da Lat) da chan thanh goép § cho toi trong thoi
gian sinh hoat chuyén mon & Truong Dai hoc Da Lat va viét Luan an.

Toi xin gii 10i cdm on dén Vien Toan hoc - Vien Han lam Khoa hoc va Cong
nghé Viet Nam va Vien Nghién citu Cao cap veé Toan luon hd tro va tao dicu kien
thuan lgi dé toi duce tham gia cac hoi nghi, hoi thao va cac truong hoc lién quan
dén chuyén mon trong nhiéu nam qua.

To6i xin gt 161 cdm on dén cac thay co gido cii da va dang cong tac tai Truong

Dai hoc Quy Nhon ciing cdc ban nhém nghién citu sinh ctia Trudng vé nhiing gitap



ds, chia sé trong cudc séng va khoa hoc.

Mot 16i cam on dac biét xin duge danh cho gia dinh than yéu da dong vién, tao
diéu kién t6t nhat cho toi trong sudt thoi gian hoc tap nghién citu vita qua. Cam
on st hy sinh ctia chong va hai con - chd dua tinh than ving chic gitp toi vugt

qua moi kho6 khin dé hoan thanh Luan an.

Tac gia

Nguyén Thi Mai Van
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MG dau

Cac da tap dai so 1a doi tuong nghién citu chinh trong Hinh hoc dai s6. Bén canh
cac phuong phap ctia Hinh hoc dai s6 va Giai tich ¢ dién nhu dya vao phuong
trinh xac dinh, cac phuong phap ctia Hinh hoc dai s6 hién dai mang dén nhiéu cach
tiép can hiéu qua hon. Mot trong cac cach tiép can hien dai dé la dya vao 1y thuyét
giao. Ly thuyét giao ctia da tap dai s6 dudc cac nha Toan hoc xay dung mot cach
hé thdng va trinh bay nhiéu ng dung vao viéc nghién cttu cac bat bién clia céc da
tap dai s6. Vi du dién hinh nhét trong phuong phép tiép can nay la nghién ctu cac
s6 giao trén da tap Grassmann. Cach tiép can nay da duge nhiéu nha Toan hoc
quan tam va gan day da dem dén nhiéu két qua tha vi.

Cac nghién citu lién quan dén da tap Grassmann duge bat dau tir thé ky 19 vdi
tén tudi ctia nhiéu nha Toan hoc nhu Schubert, Grassmann. Cliing véi sit phét trién
ctia Hinh hoc dai s6 hién dai, viéc tinh toan s6 giao trén da tap Grassmann dugc
xem xét lai theo huéng stt dung ki thuat dia phuong héa trong 1y thuyét giao ding
bién. K§ thuat dia phuong héa 13 mot cong cu manh dugde st dung trong nhiéu linh
vife nghién citu khiac nhau nhu Hinh hoc dai s6, Topo dai s6, Hinh hoc symplectic,
To hop dai s6 va Ly thuyét ky di. K§ thuat dia phuong héa da duge nghién citu béi
nhiéu nha todn hoc ndi tiéng nhu Borel [9], Atiyah-Bott [6] va Berline-Vergne [7]...
Gan day, bang cach st dung mot bién thé ctia da thiic ndi suy cho céc da thic doi
xitng bac bi chan, Hiep [33] da chi ra cac dong nhat thic lien quan dén cac da thic
ddi xitng. Tt d6, mot cach khac dé xit 1y céc s6 giao trén da tap Grassmann dudc
duwa ra. Két qua nay cung cap cong cu cho viéc lap trinh tinh toan hinh thiec, co
sé dé thiét lap nhiing cong thitc méi lien quan dén nhitng bat bién ctia da tap dai
s6. Trong pham vi ctia luan an, ching t6i st dung cac két qua nay dé nghien ciu
mot s6 noi dung lien quan dén cac bat bién ctia mot da tap xa anh cu thé gom bac
va giong clia da tap Fano, dic trung Euler ctia phan thé Tango va bac dai s6 trong
quy hoach ntta xac dinh. Chiing t6i danh gia cac nghién ctu trén c6 § nghia khoa
hoc va thyc tién. Cong viéc nay hita hen sé mang lai mot s6 két qua tot va sé thu
hit sy quan tam ctia nhiéu nha Toan hoc trén thé gidi.

Cac nghién citu lien quan dén da tap Fano dude bat dau tit caAch day hon 40 nam
vii céc két qua clia Altman-Kleiman [4], Barth-Van de Ven [7], Debarre-Manivel
[16], Langer [38], Markushevich [40], Tennison [51], cling nhu nhitng két qua mdi



gan day cia Hiep [31]. Ké thita cac két qua trén, muc tieu nghién ctu dau tien cia
ching toi trong luan an nay, d6 1a nghién cttu vé bac va gidng ciia da tap Fano, béi
nhitng thong tin vé cac bat bién nay cung cap cac ting dung quan trong trong viéc
phan loai cac 16p da tap nay.

Bac ctia da tap dai s6 phu thuoc vao phép nhiing ctia né vao mot khong gian xa
anh. Bac ciia da tap xa anh phitc X 1a s6 giao diém ctia X véi mot da tap tuyén
tinh tong quat c6 dbi chidu bang s6 chiéu ctia X. Néu da tap xa anh dugce cho béi
phuong trinh da thtc thi bac ctia né ¢6 thé duge tinh bang k¥ thuat co sé Grobner.
Tuy nhién, trong nhiéu truong hgp viéc xac dinh phuong trinh dinh nghia mot da
tap xa anh la cuc ky khé khan. Khi d6, bac ¢é thé duge tinh bing cac cong cu ciia
Iy thuyét giao duge phat trién béi William Fulton tit nhitng nam dau thap nién
1980. Mot vi du dién hinh cho truong hop nay la da tap Fano ciia céc khong gian
con tuyén tinh trén cac siéu mit xa anh hosic giao day di xa anh. Céac da tap Fano
nay la da tap con cua da tap Grassmann. Thong qua phép nhing Pliicker thi ching
c6 cau tric cia mot da tap xa anh. Bang ngon ngit ciia Iy thuyét giao, bac cia da
tap Fano c6 thé biéu dién nhu la mot s6 giao clia cac 16p dic trung trén da tap
Grassmann [22, Vi du 14.7.13]. Trén co sG d6, cac cong thiic tuong minh vé bac clia
da tap Fano cting dugc chi ra béi Debarre - Manivel [16, Dinh 1y 2.1] va Hiep [33]
Dinh 1y 1.1]. Tiép tuc huéng nghién citu nay, bang cach st dung phuong phap xi
Iy s6 giao clia cac 16p dac trung trén da tap Grassmann duge kham pha béi Hiep
[33], chiing toi da thiét 1ap mot dac trung t6 hgp cho bac ciia da tap Fano clia cac
khong gian con tuyén tinh trén mot giao day di tong quét thong qua heé sé ctia mot
don thiic dac biet trong khai trién ctia mot da thiic déi xing, xem Dinh 1y
Dic biet, trong truong hop chiéu ctia da tap Fano bang 1, ching toi da chi ra cong
thiic lien he giita giéng va bac, xem Dinh 1y [2.6.1]

Quan tam tiép theo ciia ching toi trong luan an nay la ap dung cac k§ thuat
tinh toan ciia ly thuyét giao trén khong gian xa anh dé thiét lap mot cong thiic cho
dic trung Euler ctia phan thé Tango.

Khong gian xa anh la truong hgp dac biét ctiia da tap Grassmann. Phan thé
vecto trén khong gian xa anh thu hit duge nhiéu syt quan tam ciia cdc nha Toin
hoc trén thé gigi. Mot phan thé vects duge goi 1a khong phan tich duge néu né
khong thé phan tich thanh tdng truc tiép clia cac phan thé vects c6 hang nhé hon.
Xay dung cac phan thé vecto khong phan tach duge trén khong gian xa anh 14 mot
van dé khé trong Hinh hoc dai s6. Hartshorne [26] da khang dinh ring ching ta



khong thé xay dung dugc cac phan thé vecto khong phan tach dude trong trudng
hop s6 chiéu 16n va s6 hang nhé. Cu thé hon, Hartshorne da chi ra ring moi phan
thé vecto hang 2 trén khong gian xa anh P" v6i n > 7 déu tach duge thanh tong
tryc tiép clia cac phan thé duong thang. Nam 1976, Tango [51] da chi ra mot vi du
thi vi vé mot phan thé vecto khong phan tach duge hang n — 1 trén khong gian
xa anh P va dugc goi la phan thé Tango. Theo Dinh 1y Hirzebruch-Riemann-Roch
[22], dac trung Euler cia phan thé Tango c6 thé duge xac dinh thong qua dic trung
Chern va 16p Todd ctia phan thé vecto. Dac biét, trén khong gian xa anh, dac trung
Chern va 16p Todd ciia phan thé vecto kha don gian. Véi cach tiép can nay, ching
toi tinh duge dac trung Chern cia phan thé vects Tango trén khong gian xa anh
(xem Meénh de va 16p Todd ctia phan thé tiép xtc trén khong gian xa anh
(xem Meénh dé . Tt do6, chiing toi chi ra dugde két qua cho dic trung Euler ciia
phan thé Tango trén khong gian xa anh n - chiéu (xem Dinh 1y .

Quy hoach nita xac dinh la mdt bai toan quan trong cua Quy hoach toan hoc
bat dau tit nam 1990. Bai toan nay c6 tng dung rat da dang trong Tdi wu 16i, Ly
thuyét dieu khién va T6i wu hoa té hop. Quan tam cudi cling ctia ching toi trong
luan 4n 1a xac dinh mot dac trung cho bac dai s6 trong quy hoach nita xac dinh.

Quy hoach nita xac dinh 1a bai toan c6 dang:

)I(niél C e X v6i rang buoc A; e X =0b;,Vi=1,.... mva X = 0,
eTL

trong d6 C, Ay, ..., Ay € QS™, by,..., by € Q va
CeX = Trace(C’ . X) = Zcijxij.

Ching ta biét rang cac toa do clia ma tran téi wu la cic nghiém ciia cac da thic
mot bién. Néu céc dit lieu 1a tong quat thi bac ciia cac da thitc nay chi phu thuoc
vao hang r clia ma tran toi wu va bac nay dude goi 1a bac dai s6 trong quy hoach
nita x4c dinh, ky hiéu 1a 6(m, n, 7). Cha ¥ ring bac dai s6 §(m, n,r) trong quy hoach
nita xac dinh chi duge dinh nghia t6t néu bo ba (m,n,r) théa man bat ding thiic
Pataki [44, Menh dé 5], tiic 1a

(7)== ()00

Trong [44], Nie, Ranestad va Sturmfels da gi6i thicu va chi ra rang bac dai s6
§(m,n,r) trong quy hoach nita xdc dinh bang v6i bac clia mot da tap déi ngau

[44, Dinh 1y 13] bang phuong phap hinh hoc dai s6 phitc. Dac biét, mot trong cac
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két qua chinh ctia ho 1a chi ra nhiéu cong thiic cho bac dai s6 §(m,n,r) trong quy
hoach nita xac dinh véi céc gid tri m,n,r dac biet [44) Dinh 1y 11] bang cich tinh
cac s6 Euler ctia da tap tron, bac ciia da tap dinh thic... Sau d6, bang ngon ngit
clia ly thuyét giao, von Bothmer va Ranestad da chi ra bac dai s6 d(m,n,r) trong
quy hoach nita xac dinh c¢6 thé duge tinh toan nhu mot sé giao ctia 16p Segre ciia
lity thita dbi xting thit hai ctia phan thé pho dung trén da tap Grassmann G(k,n)
[11, Ménh dé 4.1]. Dong thdi, ho ciing dua ra mot cong thitc tuong minh dé tinh
bac dai s6 §(m,n,r) trong quy hoach nita xac dinh duéi dang tong ctia cac ham
gia tri nguyén theo cac day con cta tap {1,...,n} [1I, Dinh ly 1.1]. Gan day, st
dung k§ thuat dia phuong héa trong ly thuyét giao dang bién, Hiep [30, Dinh 1y 1]
ciing da dé xuadt mot cong thitc tinh bac dai s6 dudi dang tong ctia cac ham phan
thitc d6i xitng. Dia vao cac két qua lien quan dén dong nhat thitc trén da thic doi
xting kép dudc dua ra béi Hiep [33], ching toi chi ra mot dic trung t6 hop cho bac
dai 86 §(m,n,r) trong quy hoach nita xac dinh dudi dang hé s6 ctia mot don thic
dac biet trong khai trién ctia mot da thiic déi xiing kép (xem Dinh ly . Két
qué ctia dinh 1§ nay cung cap mot phuong phap t6 hgp dé tinh bac dai s6 trong
quy hoach ntta xac dinh. Nhu moét cach ap dung, chung toi sit dung dac trung nay
chting minh lai cac két qua ctia Nie - Ranestad - Sturmfels theo mot cach don gian
hon. Hon nita, chiing toi con chi ra nhiéu két qua lien quan dén cac da thic Schur,
da thitc ddi xting so cap va da thic déi xing thuan nhat day du (xem Ménh deé
va Ménh dé . Nhitng két qud nay déng géop thém nhicu dicu tha vi lien
quan dén cac 16p da thiic déi xiing co ban nay. Bén canh dé, chiing toi ciing cung
cap them mot cach chitng minh doc lap cho Dinh 1y trong [33] tit cAm hing
ctia Don Zagier trong [25, Ménh dé A.1].

Ngoai phan Mé dau, Két luan va Tai lieu tham khao, noi dung chinh ctia Luan
an dugc trinh bay trong bon chuong.

Chuong 1: Kién thitc chuan bi. Trong chuong nay, ching toi trinh bay cac
dinh nghia va két qua co ban, mang tinh chat chuan bi cho céac lap luan & cac phan
sau clia Luan an, gom céc kién thic co sd ctia Hinh hoc dai s6, co s6 clia 1y thuyét
giao, phép tinh Schubert, da thitc d6i xting va ly thuyét giao dang bién.

Chuong 2: Bac cta da tap Fano. Trong chuong nay, ching to6i trinh bay chi
tiét két qua ctia hai bai bao [36] va [34]. Cu thé hon, chiing toi dua ra mot dic
trung to6 hgp cho bac ciia da tap Fano ciia cac khong gian con tuyén tinh trén mot

giao day du trong khong gian xa anh phitc dudi dang hé s6 dac biet cia mot da



thitc d6i xting. Dong thoi, ching to6i thiét lap mot cong thitc lien hé giita bac va
giong ctia da tap Fano trong trudng hop chiéu ciia da tap Fano bang 1.

Chuong 3: Dac trung Euler ctia phan thé Tango. Trong chuong nay, chung
toi trinh bay chi tiét cac két qua chinh trong bai bao [14]. Cu thé hon, chiing toi
dua ra mot cong thic cho dac trung Euler ctia phan thé Tango.

Chuong 4: Bac dai sb6 trong quy hoach nita xac dinh. Trong chuong nay,
chiing toi trinh bay chi tiét cac két qua chinh trong bai bao [37]. Cu thé hon, ching
toi dua ra mot dac trung t6 hop cho bac dai s6 trong quy hoach nita xéc dinh. Sau
do, st dung dic trung nay két hop véi cac két qua clia cac 16p da thitc déi xiing
duge tim thay, chiing toi chitng minh lai cic két qua ctia Nie, Ranestad va Sturmfels
[44] bang phuong phap don gian hon.

Mac dit ban than da né Iuc va rat ¢ ging dé thuc hién luan an t6t nhat, nhung
do diéu kién thoi gian c¢6 han, trinh do kién thitc va kinh nghiém nghién ctu con
han ché nén luan 4n khoé tranh khéi nhitng thiéu sét. Tac gid rat mong nhan dudc

nhitng gép ¥ ciia quy Thay co gido va ban doc dé luan an duge hoan thién hon.



Chuong 1

Kién thitc chuan bi

Trong chuong nay, ching toi trinh bay cac dinh nghia va két qud co ban, mang
tinh chat chuan bi cho céc lap luan & cac phan sau ctia luan an, gom cac kién thic
co sd ctia Hinh hoc dai s6, co sd cia 1y thuyét giao, phép tinh Schubert, da thitc

déi xting va Iy thuyét giao dang bién.

1.1 Co sé cuiia Hinh hoc dai s6

1.1.1 DPa tap xa anh
Dinh nghia 1.1.1 ([48, Chuong 3|). Khong gian Ta dnh n chiéu tréen C, ky hieu la
P"*(C) hodc don gian 1a P", 1a tap tat cd cdc khong gian con mot chiéu ctia khong
gian vec tg C"*1,

Khong gian xa anh P” con duge hiéu nhu 1a tap thuong

_ Cn+1 \ {O}

Y

IP)TL
trong d6 ~ la quan hé tuong duong duge dinh nghia nhu sau:
x ~ y néu va chi néu y = Az vé6i A € C\ {0}.

Mbi phan tit trong khong gian xa anh P* dugde goi 1a mot diém trong khong gian xa
dnh P". Mot diém p trong khong gian xa anh P dude xem nhu 13 mot 16p tuong

duong

[(z0,. .-, 7n)] = {(Azg, ..., Azn)|\ € C\ {0} va 6 it nhat mot z; # 0}.



Cac thanh phan zo, ..., 2, dudc goi la cac toa do thuan nhat hay toa do xa anh
ctia diém p vh nguoi ta thuong ky hiéu toa do ciia diém p trong khong gian xa anh
P" 1a

p=lwo:...:xy]

V6i moi i € {0,1,...,n}, dinh nghia

U; Z:{[ﬁoi...an] E]P)RQEZ%O}
Khi do, dinh nghia céc tap U; nay la hop 1y. That vay, gid sit [yo : ... : yn] & mot
dai dien khéc trong 16p tuong duong [z : ... : x,]. Khi d6 ton tai A € C\ {0} sao

cho y; = Az; v6i moi 0 < j < n. Viz; # 0 nén y; = Az; # 0. Cac tap U; nay goi la

cac pht mé cua khong gian xa anh P".

Dinh nghia 1.1.2. Cho V 1a mot khong gian vects n+ 1 chiéu trén truong sé phiic
C. Khong gian za dnh n chiéu trén V, ky hieu 1a P*(V) hodc don gian 1a P(V), 1a

tap hop cac khong gian con mot chiéu ctia khong gian vecto V, tic la
P(V)={W CV|dimW = 1}.

Dinh nghia 1.1.3 ([48, Chuong 3]). Cho d 1a mot s6 nguyén duong. Da thiic
f € Clzo, . ..,z,] dugc goi 1a da thiic thuan nhdt bac d néu moi don thic ctia f déu

c6 bac bang d.

Dinh nghia 1.1.4 ([48, Chuong 3]). Cho fi,..., fx € Clzo,...,xy] l& cac da thic
thuan nhat. Tap hop

Zfrr o fi) = ([0~ u] €P"| filamor. ., 0n) = 0,i = T.F} C "
goi 1a tap dai s6 ra dnh xac dinh béi f1,..., fi.

Dinh nghia 1.1.5 ([48, Chuong 3]). Mot tap dai s6 xa anh X C P" dugc goi 1a

khd quy néu X c6 thé dude bicu dién thanh mot hop ctia hai tap dai s6 xa anh
X=X1UXy, Xi1,XoCX.

Ngudc lai, ta néi X 1a bat khd quy néu X khong c6 biéu dién nhu vay. Mot da tap

za dnh 1a mot tap dai sd xa anh bat kha quy.
Vi du 1.1.1. Cho da thiic thuan nhat bac mot
f(zo,...,xn) = coxo + 121 + ... + cpp
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Khi do6, da tap xa anh Z(f) goi la sicu phang. Khin = 2 ta goi Z(f) 1a duong thdng.
Khi n = 3 ta goi Z(f) la mat phing. Cac da tap xa anh dudce xéc dinh béi cac da

thiic thuan nhat bac mot goi 1a da tap tuyén tinh.

Vi du 1.1.2. Cho f € Clxy, ..., z,) 1a mot da thitc thuan nhat bac d. Khi d6

Z(f)={(xo:...:xn) € P"| f(xo,...,zy) =0}
goi la mot siéu mat bac d xdac dinh bdi f.

Dinh nghia 1.1.6 ([48, Chuong 3]). Cho X # ) la mot da tap xa anh trong khong
gian xa anh P". Idéan thuan nhat cia da tap za dnh X, ky hieu 1a Z(X), 1a tap hop
duge dinh nghia

I(X) :={f € Clxg,...,x,] | f 12 thuan nhat va f(p) =0,Vp € X}.

Quy uée Z(0) = (xg, ..., xp).
Chiing ta dé& dang kiém tra dugc Z(X) 1a mot idéan trong vanh da thiic Clzo, . . ., 2y].

Khi do6, vanh thuong
S(X) :=Clzo,...,zn]/I(X)

1a mot vanh phan bac va dude goi 1a vanh toa do thuan nhat clia da tap xa anh X.
Thanh phan thuan nhat bac d ctia S(X), ky hieu 14 S(X)g4, 1a tap hop duge dinh
nghia bdi
S(X)q:={f ] f 1a da thiic thuan nhat bac d va f € S(X)}.

Dinh nghia 1.1.7 ([48, Chuong 3]). Cho X la mot da tap xa anh va I la mot
idéan thuan nhat ctia vanh toa do thuan nhat S(X). Khi do6 ta dinh nghia tap hop

Zx(I):={pe X | f(p) =0 v6imoi f € I}

Mbi tap con ctia X ¢6 dang Zx(I) v6i I 1a mot idéan thuan nhat ctia vanh toa do

thuan nhat S(X) dugc goi 1a mot da tap ra dnh con cia X.

Dinh nghia 1.1.8 ([48, Chuong 3|). Cho X # ) la mot da tap xa anh trong khong
gian xa anh P". Truong cdc ham hau ti cia X, ky hiéu la K(X), 1a tap hop duge
dinh nghia bdéi

k00 =L pgesoaag 2o},
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Véi moi p € X, vanh dia phuong cia X tai p, ky hicu la Ox ,, duge dinh nghia bdi

/
Ox,p = {E € K(X)|g(p) #0
Néu U C X 1a mot da tap con ciia X va p € X thi

Oxu =[] Oxp-
pelU

Dinh nghia 1.1.9 ([5, Muc 4]). Cho p = (p1,...,pn) € C" va F € Clzy, ..., zy].
Ta dinh nghia dao ham cta F tai diém p, ky higu la d,F, 12 phan tuyén tinh trong
khai trién Taylor ctia F tai p.

Cu thé, gia st F dudc viét dusi dang

F(l’) :F(p>+L('T1_p17$2_pza"'axn_pn)+G(x1_plaxQ_p%'"axn_pn)?

trong d6 L 14 phan tuyén tinh va G 1a da thiic khong chita nhan tit tuyén tinh hay
hing. Khi d6, dao ham ctia F tai p 1a L(z — p) dugc xac dinh bdi
oF
Lz —p) =dpF(x —p) = > _ -—(p)(x; — pj).

ox;
j=1 "

Dinh nghia 1.1.10 ([5, Muc 4]). Cho X C P™ la mot da tap xa anh va p € X.

i. Khong gian tiép zic cia X tai mot diem p € X, ky hiéu la T,X, la da tap xa
anh xac dinh béi cac phuong trinh

n

oF .
> ——p)(x; — pj) = 0 véi moi F € I(X).
- axj
7=1
ii. Khong gian tiép zic cia X, ky hieu 1a Ty, 1a tap hop
Tx ={(p,y) |y € X} C X xP".
Chu ¥ rang khong gian tiép xtc clia da tap xa anh X tai p khong phu thuoc vao
cac phuong trinh xac dinh ctia da tap xa anh X.

Pinh nghia 1.1.11. Mot da tap xa anh X dudc goi 1a tron tai diem p € X néu
khong gian tiép xtc T,X cia X tai p ¢6 chiéu bang dim X. Da tap X 1 tron néu

n6 tron tai moi diém p € X.



Dinh nghia 1.1.12 ([48, Muc 5.5]). Cho X C P™ la mot da tap xa anh. Bdc cia
da tap xa anh X, ky hieu la deg X, 1 s6 giao diém hitu han 16n nhat ctia X vi mot

da tap tuyén tinh tong quat trong P™ c6 dbi chiéu bang s chicu clia X.

Vi du 1.1.3. Trong khong gian xa anh P?, xét da tap X xac dinh béi da thic
thuan nhat yz — 22. Khi d6 X c6 thé xem nhu mot dusng parabol trong C2. Do dé

s6 giao diém ctia X v6i mot dudng thing nhiéu nhét 1a 2 hay deg X = 2.

Viéc tinh toan bac ciia mot da tap xa anh theo dinh nghia tuong déi kho. Mot
cach dai sb, chiing ta c6 thé tinh toan bac ciia mot da tap xa anh thong qua viéc
tinh bac cua da thiic Hilbert cua da tap xa anh dé.

V6i moi s6 nguyen ¢, ky hicu

Clzo, ..., zn]t = {f € Clxg, ..., 2] | f 1a da thiic thuan nhéat bac ¢ } U {0}.
Khi d6 C|xg, ..., x,]; 1a khong gian vecto c6 chiéu (”jt).
Cho X la mot da tap xa anh va Z(X) la idéan thuan nhat trén X. Ky hiéu
I(X)t = I(X) N C[ZE(), . ,ZL’n]t.

Khi d6 Z(X); 1a khong gian vecto con hitu han chiéu ctia khong gian Clz, . ..,z

Dinh nghia 1.1.13 ([3, Muc 6]). Cho X C P" la mot da tap xa anh. Ham Hilbert
cua da tap xa anh X, ky hiéu la HF x (¢), dugc dinh nghia bdi:

HFx : N — N
t s dimClzo, ..., znle/T(X)s.

V6i moi t du 16n, ham Hilbert ctia da tap xa anh X xac dinh mot da thic
HPx(t) = aot? + a1t?™' + - - + ag,
goi la da thic Hilbert cua da tap xa anh X.
Dinh nghia 1.1.14 ([5, Muc 6]). Cho X C P" la da tap xa anh.
i. Chiéu ciia da tap za dnh X, ky hiéu 1a dim(X), bang bac ciia da thiic HP x (¢).

ii. Bac cia da tap za dnh X, ky hieu 1a deg(X), bang tich ctia dim(X)! va he s6
dan dau ctia da thic Hilbert HP x (¢).

Vi du 1.1.4.
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i. Néu X =P" thi HPpn(t) = (“t"). Do d6 dimP" = n va deg(P") = 1.

ii. Néu X C P" la mot sieu mat v6i Z(X) = (F), F € Clzg, ..., zs]q 12 mot da
thitc thuan nhat bac d. Khi do

HPy (1) = <t—|—n> B <t—d—|—n)'
n n
Do d6 dim X =n —1 va deg X = d.

Dinh nghia 1.1.15 ([5, Muc 6]). Gidéng ctia mot da tap xa anh X, ky hieu la g(X),
duge dinh nghia bai
9(X) = (=) (HPx (0) — 1),

Vi du 1.1.5. Cho X C P? la dudng cong phang bac d. Khi dé, ching ta co:

HPy (1) (t;?) B (t—c2i—|—2> - (d—1)2(d—2)].

Suy ra dim X = 1. Do d6

1.1.2 DPa tap Grassmann

Dinh nghia 1.1.16. ([20, Chuong 3].) Cho V 1a mot khong gian vecto n chiéu
trén truong C va k 1a cac so6 nguyen duong sao cho 1 < k < n. Da tap Grassmann
G(k,V) 1a tap hop gom tat cd cac khong gian vecto con k chiéu ctia khong gian
vecto V| tiic 1a

Gk, V)={W CcV |dim(W) = k}.

Dac biet, G(1,C"*!) = P". Nhu vay, chiing ta c6 thé néi rang khai niém da tap
Grassmann la mot sy tong quat ctia khong gian xa anh.

Vi mot khong gian con vecto &k chiéu ctia khong gian vecto n chiéu V' duge xem
nhu 14 mot khong gian con tuyén tinh £—1 chiéu ctia khong gian xa anh P(V) = Pr—1
nén da tap Grassmann G(k,V) c6 thé xem nhu la tap tat ci cac khong gian con
k — 1 chiéu ctia khong gian xa anh P(V). Theo cach hic¢u nay, da tap Grassmann
G(k,V) c6 the duge viét 1a G(k —1,P(V)). Hon nita, khi khong can xac dinh khong
gian vecto V ma chi can xéc dinh chiéu n ctia V' thi ching ta c6 thé viét don gian

béi G(k,n) hodc G(k —1,n —1).
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Tiép theo, chiing ta sé chi ra da tap Grassmann c6 cau tric ciia mot da tap xa
anh thong qua phép nhing Pliicker. Dé dinh nghia phép nhtng Pliicker, ching ta
can dén khai niém luj thita ngoai ctia mot khong gian vecto.

Cho V 1a mot khong gian vecto n chiéu trén truong C vé6i co s {ey, ..., ep}. Vi
moi k=1,...,n, lug thia ngoai thi k ciua V 1a khong gian vecto, ky hiéu la /\k V,

duoc xac dinh béi

k
/\ V - Z Cil...ikeil A A eik | cil...ik € C

1<iy<-<ig<n

Co 8 ciia A¥V duge danh chi s6 béi cdc tap con véi k phan ti

{il,...,ik} C {1,...,n}.

Do d6 s6 chidu ctia A"V 1a

dim /k\v - (Z)

Tich ngoat A la phép toan trén /\k V xac dinh nhu sau:
A NV A Y — AV
(v,w) — vAw 7
thoa man cac tien dé sau day:
i. A la tuyén tinh theo titng thanh phan, titc 1a
(rivy + rove) A v =ri(vy Av) 4 ro(vy Av),

v A (rv1 + ravg) = r1(v Avy) + r2(v A vg),

v6i moi rq, 19 € C va v,v1,v9 € V;
ii. A 1a phan déi xing, tic 1
vAw=—wAv, v6i moi v,w € V.
Dac biét, v Av =0, véi moi v € V.

Meénh dé 1.1.1 ([28, He qua 11.26]). Cho {v1,..., v}, {v],...,v}} la hai ho cdc

vecto doc lap tuyén tinh trong V va gid st

k

!/ 4 ..

v; = E Tijvj, voL moii=1,... k.
J=1
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Khi do
VA Ay = det(z) (v1 A A vg).
Dinh nghia 1.1.17 ([20, Chuong 3]). Anh xa
k

Pk Gkn) — P /\V

span{vy, ..., v} — [vr A-r Ay
dugc goi la phép nhing Plicker .
Bay gio ta sé chi ra anh ctia phép nhiing Pliicker 1a mot da tap xa anh.
Giad st W € G(k,n) 1a mot khong gian con k chiéu ctia khong gian vecto n chiéu

V dugc sinh béi k vects vi,...,v; € V v6i cac toa do clia ching duge viét thanh

mot ma tran cap k x n

r1i1 T12 -t Tin
xr21 X222 -t T2n
Tkt Tk2 - Tkn

k
Khi d6 cac toa do thuan nhat cia py,, (W) trong P /\ V | 1a cac dinh thic con

cap k clia ma tran nay, ky hieu
P i = det(xp )i<pg<r, 1<id1 <--- < <n.
Cac dinh thiic con nay dugce goi la toa do Plicker cia W.
V6i mdi hai ddy cac s6 nguyén duong
1< <o < - <ip_1 <,
L<ji<jo<-<Jgt1 <,

cac phuong trinh sau dudce goi la quan hé Plucker

k+1

-1 —
E (_1) Pilam’ik*l’jlle,...,jz,...ijrl =0,
=1

trong d6 ji,...,J1, .-, k1 12 &y J1,. .., k1 vOi 86 hang j; bi bo di.

Dinh 1y 1.1.1 ([28, Dinh Iy 11.35]). Anh ctia phép nhing Pliicker p,,(G(k,n)) la

mot da tap xa anh trong IP’<Z)_1 xdac dinh boi idéan sinh boi cac quan hé Pliucker.
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Vi du 1.1.6 ([20, Vi du 3.1)). Véi k= 2,n = 4, ta c6

D24 G(2,4) — P (/\2 v) _ P
span{vy,va} ——  [v1 A vg] '
Gia st W = span{vy,v2} € G(2,4), trong do

V1 = T11e1 + 122 + ri3es + ri4eéy,

V9 = I91€1 + T99e9 + To3e3 + Togeq.

Khi d6 dang ma tran cia W la

11 T12 T13 Ti4

W =

T21 T22 X23 T24

Céac toa do Plucker cia W 1a

T11 T12 T11 713 11 T4
Pyo= Py 3= Py=

21 22 T21 T23 21 T4

T12 T13 T12 T14 T13 T14
Py 3= Py = P34 =

T2 T23 T2 T4 93 T24

Do do
p274(W) = [PLQ : P173 : P173 : Pg’g : P274 : P3,4] € IP)E).

Trong truong hgp nay, ching ta chi c6 mot quan hé Pliicker
PioP3y— P3Py + PyaPs3=0.
Do d6, anh ctia da tap Grassmann G(2,4) qua phép nhtng Pliicker ps 4 1a mot siéu
mit bac hai trong P°.
1.2 (Cd s6 cua Ly thuyét giao

1.2.1 Vanh Chow

Dinh nghia 1.2.1 ([20, Chuong 1]). Cho X la da tap xa anh trén trusng C va k

1a mot s6 nguyén khong am.
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i. Mot k - chu trinh trén X 1a mot tong hinh thic hitu han > n;[Vj], v6i V; 1a
cac da tap con k - chiéu clia X va n; 1a cic s6 nguyén. Mdi 1 - chu trinh dudgc
goi 1a mot wde. Chu trinh a = >~ n,[V;] duge goi 1a hdtu hiéu néu tat ca cac he

s6 n; déu khong am.

ii. Nhom cdc k - chu trinh trén X, ky hiéu 1a Z;(X), 1a nhém abel tu do sinh béi

cac da tap con k - chiéu cia X.

iii. Nhém cdc chu trinh trén X 1a tong truc tiép ctia cac nhém k - chu trinh trén
X, ky hisu la Z,(X), tic la
dim X

Z.(X) = 6P Zn(X).
k=0

Mai phan tit ciia nhém Z,(X) duge goi 1a mot chu trinh trén X.
Dinh nghia 1.2.2 ([20, Chuong 1]). Cho X la mot da tap xa anh, V' C X 1a mot
da tap con ddi chiéu mot. V6i méi f € O,y khac khong, cap cta f tren V, ky hieu
la ordy (f), duge dinh nghia bdi

ordy (f) = lox, (Ox,v/(f)),

trong do lo, (Ox,v/(f)) 1a do dai cia (Ox,/(f)) trén vanh dia phuong Ox v .

Néu ¢ 1a mot ham httu ti khac khong thuoc truong cac ham httu ti R(X) cia X

. F
thi ta viet ¢ = et trong d6 F,G € Ox y va dinh nghia
ordy (¢) = ordy (F) — ordy (G).

V6i bat ki da tap con (k+ 1) - chieu W ctia X va p € R(W)* 1a mot ham hitu ti
khac khong bat ki. Mot k - chu trinh ciia o trén X, ky hieu 1a [div(y)], dudce dinh
nghia bdi

[div(e)] = 3 ordy (9)[V] € Zy(X),
1%

trong dé tong trén chay qua tat ca cac da tap con V déi chiéu mot ctia W.
Dinh nghia 1.2.3 ([20, Chuong 1]).
i. Mot k-chu trinh o duge goi la tuong duong hitu ti v6i khong, ky hieu béi a ~ 0,

néu c6 mot s6 hitu han cac da tap con (k + 1) - chieu W; cia X va cidc ham

@i € R(W;) khéac khong sao cho

o= ldiv(ei)]

i
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ii. Hai k - chu trinh a va 8 dudc goi 1a tuong duong hitu ti, ky hicu 1a o ~ 8, néu
chu trinh o — g tuong duong hitu ti véi 0.

Vi [div(e~1)] = —[div(p)] nén tap tat cd cic k - chu trinh sao cho mdi k - chu
trinh la tuong duong hitu ti véi 0 1ap thanh mot nhém con ctia Z(X), ta ky hiéu

nhém con nay bdi Raty,(X). Khi d6 v6i mdi s6 nguyén duong k, ta ¢6 nhém thuong
Ap(X) = Zp(X)/ Raty (X).

Dinh nghia 1.2.4 ([20, Chuong 1]). V6i cac ky hiéu 6 trén, nhom

dim X

k=0

duge goi 1a nhém Chow clia X. Méi phan tit clia nhém A, (X) duge goi 1a mot Idp
chu trinh trén X.

Chi y 1.2.1. Néu X la da tap xa anh c6 dim X = n. Vi khong ton tai da tap con
clia X ¢6 86 chiéu n+ 1 nén Rat,(X) = 0. Vi vay A,(X) = Z,[X]. Hon nita, mdi da
tap con clia X ma khac X diéu c6 chiéu bé hon n, nén tap cac n - chu trinh chinh
Ia Z - [X]. Do dé

A (X) =7 - [X].

Néu k < 0 hodc k > n thi ta c6 Ax(X) = 0. D6i v6i méi k, ching ta dit
AMX) = Api(X)
va

A*(X) = éAk(X).
k=0

Trong pham vi clia luan an, ching ta sé viét A(X) thay vi A.(X) hosc A*(X)
khi sy phan biét ctia chung khong dong vai tro quan trong.

Tiép theo, ching ta xay dyng mot cau tric vanh trén A(X).
Dinh nghia 1.2.5 ([20, Chuong 1]).
Cho X 1a mot da tap xa anh va A, B la cac da tap con cua X.

i. Hai da tap con A va B dudc goi la giao hoanh tai diem p € AN B néu ching
tron tai p va
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ii. Hai da tap con A vd B dudc goi la hoanh tong qudt néu ching la giao hoanh

tai mot diém tong quat ctia mdi tap con C' C AN B.
iii. Hai chu trinh >~ m;[A;] va Y n;[B;] dude goi la hoanh tong quat néu A4; va B;
12 hoanh tong quat véi moi i va j.
B6 dé 1.2.1 ([20, Chuong 1]). Cho X la mot da tap xa dnh tron. Khi do

i. Vi moi o, B € A(X) luon ton tai hai chu trinh hoanh tong quat A =S m;[A;]
va B =Y n;|Bj] trong Z(X) lan luot dai dién cho o va .

1. Ldp chu trinh
Z m;n; [Az N Bj]
irj
trong A(X) khong phu thuoc vao cach chon A va B.
Dinh 1y 1.2.1 ([20, Chuong 1]). Cho X la mot da tap za dnh tron. Khi dé ton tai
duy nhat mot phép nhan trén A(X) théa man dieu kién:

[A].[B] = [AN B,

trong dé A va B la hai da tap con clia X hoanh tong qudt.
Phép nhan nay lam cho A(X) trd thanh mot vanh phan bac, két hop va giao
hodn, duogc goi la vanh Chow cua da tap X.

Vi du 1.2.1. ([20, Dinh 1y 2.1]). Vanh Chow ctia khong gian xa anh P™ 1a
A(P") = Z[R)/ (™).
trong d6 h 1a 16p siéu phing ciia P".

Chiing ta can c6 khai niém bac clia mot 16p chu trinh trong nhém Chow.

Cho f: X — Y la mot dong cau rieng. Lay V 1a mot da tap con k - chiéu bat
ki cia X. Dat W = f(V) va ky hieu R(V), R(W) lan lugt 1a truong cac ham hitu ti
cia V va W. Néu dim W = k thi truong mé rong R(V)/R(W) la hitu han. T do,
ching ta dinh nghia dong cau f. : Z,(X) — Z,(Y) xac dinh boi

R(V): néu dim W =
V] = [R(V) : R(W)|[W] / dim W k’
0 neu dimW < k

trong d6 [R(V) : R(W)] dugc ky hiéu la bac cia truong mé rong R(V)/R(W).
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Dinh 1y 1.2.2 (22, Chuong 1]). Néu f : X — Y la mot dong cau riéng va o la
mot k - chu trinh trén X tuong duong huu ti voi khong thi f.(a) la mot k - chu
trinh tuong duong hitu ti vdi khong trén'Y .

Theo Dinh 1i[1.2.2] ta ¢6 ddng ciu cam sinh ciia cac nhém Chow
fer Ap(X) = Ag(Y).
Vi vay chiung ta c6 dong cau
fe 1 A(X) — A(Y).
duoe goi 1a dong cdu day ra lien két véi f.

Dinh nghia 1.2.6 ([22, Chuong 1]). Cho X 1a la da tap xa anh tron n chiéu trén

truong C va a 1la mot 0 - chu trinh trén X. Bac ctua chu trinh o, ky hiéu la fX a,

!Aazmmh

A(Spec(C)) = Z - [Spec(C)]

duge xac dinh béi

trong d6 p : X — Spec(C) va

dong nhat véi Z.

Néu a = 3, ni[pi] v6i p; 1a mot diém thuoe X thi bac clia «

/Xa:;ni.

Theo Dinh ly , dinh nghia bac nhu trén 14 dinh nghia tét véi cac 0 - chu
trinh. Vi thé, ching ta c6 thé mé rong dong cau bac cho tat ca céc chu trinh trong
A(X),

/ FA(X) = Z
X

béi dinh nghia [, a = 0 néu a € Ap(X), k> 0.

Vé6i bat ki dong cau f : X — Y cla cac da tap xa anh tron vd véi bat ki

a € A(X), ta co
LazéﬁW)

Lay f: X — Y la mot dong cau phang c6 chiéu quan hé n va W 1a mot da tap
con k - chiéu ctia Y. Khi d6 f~1(W) 1a mot da tap con chiéu & + n ctia X. Ching
ta dat



Khi d6, chiing ta c6 thé mé rong tuyén tinh dén dong cau
f* : Zk(Y) — Zk-Jrn(X)

Dinh 1y 1.2.3 ([22, Chuong 1]). Cho f: X — Y la mot dong ciu phdang cé chiéu
tuong doin va a la mot k - chu trinh trén'Y tuong duong hitu ti vdi khong. Khi do,
f*(a) cing la mot (k+mn) - chu trinh twong duong hitu ti vdi khong trong Zi,(X).

Theo Dinh 1y [1.2.3] ta ¢6 ddng céu cam sinh ctia nhém Chow
f7 AR(Y) = Apan (X).
Vi vay chiing ta c6 dong cau
£ 5 AY) = A(X),

dude goi 1a dong cau kéo vé lien két véi f.

1.2.2 Phan thé vecto

Dinh nghia 1.2.7. ([5, Muc 7]). Cho X la mét da tap xa anh trén trusng C. Mot
phan thd vecto hang r trén X la mot bo ba (E, X, ), trong d6 E 1a mot da tap xa
anh va 7: £ — X la mot dong cau sao cho ton tai mot phtt mé {U;} ciia X thoa

man cac dieu kién sau:

i. V6i moi i € I, ton tai mot dang cau o; : 7~ 1(U;) — U; x C" sao cho bi¢u do

sau giao hoan

trong d6 p : U; x C" — U; 1a mot phép chiéu tu nhién.

ii. V6i moi i, j € I, ton tai mot ma tran (gij)rx, v6i cac phan tit 1a cdc ham trén

U; N Uj sao cho dong cau hop thanh
Vij zgojowi_l : (UiﬂUj) XCT—>(UZ‘HUJ‘) x C"
xac dinh béi ¥yj(x,v) = (z, gij(z)v).

Nguoi ta goi phan thé vects (E, X, 7) don gian bdi E hodc m: E — X. V6i moi
r € X, tap 7~ 1(x) duge goi 1a thd tai z va duge ky hieu 1a E,. Mot phan thé vecto
c6 hang bing 1 dude goi 1a mot phan thd duong thing.
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T dinh nghia clia phan thd vecto, ta thiy véi méi » € X, thé 7—(z) c6 cau
tric ctia mot khong gian vecto. Do d6, méi phan thé vecto c6 thé duge xem nhu 1a
mot ho céc khong gian vecto duge tham s6 héa bdi mot da tap xa anh.

Cha ¢ rang, cdc phan ti g;; xdc dinh nhu trong Dinh nghia m duge goi la
cac ham chuyén. Cac ham chuyén la khong duy nhat v6i moi phan thé vecto. Tuy

nhién, ta c6 thé xay dung dugc mot phan thé vecto tit cdc ham chuyén.

Dinh nghia 1.2.8. ([5, Muc 7]). Mot nhdt cat ctia phan thé vecto 7: E — X 1a
mot dong cau s: X — F sao cho s(x) = 77 (z) v6i moi 2 € X. Ta ciing c6 dinh
nghia tuong tu cho nhéat cat ciia phan thé vecto 7 trén mot tap con U C X. Tap
hgp cac nhat cit ctia 7 tren U duge ky higu bdi £(U). Mot nhét cat clia 7 trén X
dude goi 1a mot nhdt cdat toan cuc. Tap hop cac nhat cit toan cuc ctia 7 duge ky

hieu bsi H(X, E).

Vi du 1.2.2. ([5, Muc 7]). Moi phan thé vecto (E, X, 7) déu ¢6 duy nhat mot nhat
cat xac dinh béi
s U — E
r o Y 1(x, 0),
trong d6 U; 13 mot phtt mé bat ky chita o va 0 1a phan tit khong trong khong gian
vecto C". Nhat cit nay goi 1a nhat cdit khong diém ctia phan thé vecto E.

Dinh nghia 1.2.9. ([5, Muc 7]). Phan thé 7: E — X dugc goi la phan thd toan
cuc néu F sinh bdi tap cidc nhat cat toan cuc, tic 14, ton tai mot khong gian vecto
con V C H°(X, E) sao cho V sinh ra toan bo cic thé E, v6i x € X. Mot cach tuong

duong, anh xa dinh gia tai moi diém z € X, ev: HY(X, E) — E, 1a mot toan cau.

Dinh nghia 1.2.10. ([5, Muc 7]). Cho E la mot phan thé vecto hang r trén da
tap xa anh X. Mot tap con F' C E dudc goi 1a mot phan thd con hang k clia E néu
ton tai mot khong gian vecto k - chieu V C C” va v6i moéi x € X, ton tai mot lan
can U = U(z) véi dang cau ¢: E|y — U x C" sao cho =Y (U x V) = Fly(z)-

Vi V 1a mot khong gian vecto con ctia C™ nén ta c6 thé gia st C" = V @ W. Dinh
nghia ¢: (E/F)|y — U x W xac dinh béi

U([v]) = pra(i(v)),

trong do6 pry: V @& W — W la phép chiéu lén thanh phan thit hai. Nhu vay, E/F
la mot phan thé vecto, goi la phan thd thuong ctia E tao ra béi phan thé con F.
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Vidu 1.2.3. ([B, Muc 7]). Gia stt 7: E — X la mot phan thé vecto hang r trén
da tap xa &nh X v6i cac dang cau : 7~ YU;) — C” va cic ham chuyén gij- Khi

dé, cac ham chuyén gi; = gﬁ. cho ta phan thé doi ngau 7' E* — X.

Vi du 1.2.4. ([5, Muc 7]). Cho X 1a mot da tap xa &nh va r 1a mot s6 nguyén
duong. Khi dé6, phép chiéu len thanh phan thid nhat 7: X x C" — X dinh nghia
mot phan thé vectos hang r trén X, goi 14 phan thé tam thuong hang r trén X.

Khi X = P", ching ta ky hieu Op» = P" x C 1a phan thé tam thuong trén P".
Nhan xét ring Op» la mot phan thé dudng thang. Gia si s 1a mot nhéat cit cua
Opn. Khi d6 ta ¢c6 mot dong cau s’: P* — C cho bdi s'(x) = ma(s(x)), trong do
7o: P x C — C 1a phép chiéu lén thanh phan thi hai. Khi d6, s 14 anh xa hing.
Vay cac nhat cit ctia phan thé E la cac anh xa hing va do dé ta c6 dang cau
HO(P", Opn) ~ C nhu cac C - dai sb.

Vi du 1.2.5. ([5, Muc 10]). Cho E la mot phan thé vecto hang r trén da tap xa
anh X. V6i mdi x € X, ta xac dinh mot khong gian xa anh P(E,). C6 dinh mot
dang cau 7~ 1(U;) — U; x C", ta c6 mot anh xa

U P(E.) — Ui x P

zeU;
Dit P(E) = U,ex P(E:). Khi d6, P(E) ¢6 cau tric ciia mot phan thé vecto goi la
phan thd za dnh lien két vé6i E.

Ménh dé 1.2.1 ([5, Hé qua 10.2.4]). Cho E la phan thd vecto hang r trén da tap za
dnh X vap: P(E) — X la phan thd za dnh lien két. Khi dé ps : A«(P(E)) — A.(X)
la toan dnh va p* @ A(X) — AL(P(E)) la don dnh.

Vi du 1.2.6. ([5, Muc 10]). Cho (E1,m1) va (Ea,m2) 1a hai phan thé vecto trén da
tap xa anh X c6 hang lan lugt 1a ry va ro. Gia st {U;} 13 mot phtt mé ctia X sao
cho cac dang cau ting v6i By va By lan lugt 1a {U;, ¢;} va {U;, ¥;}.

Ta dinh nghia tong Whitney (hay tong truc tiép) ctia F; va Es, ky hieu béi
(E1 @ E9, X, 7), la mot phan thé vecto trén X xac dinh béi Ey @ Fy = {(x1,29) €
E1 x Ey : mi(x1) = ma(x2)} va phép chiéu

(131,1’2) — (7T1(:E1);p1"2 ogzﬁi(xl),prQ Ol/}i(xz)) e U; x CT,

trong d6 r = 1 + ro va pry 12 phép chiéu lén thanh phan thi hai.
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Néu g;; va 9i; lan luot 1a cac ham chuyén ctia E; v E thi ma tran
gi; O
0 gz/-j
dinh nghia céc ham chuyén ctia E; @ F.
Vidu 1.2.7. ([B, Muc 10]) Cho (Ey, 1) va (E2,m2) 1a hai phan thé vecto trén da

tap xa anh X c6 hang lan lugt 1a 1 va ro. Gid st U; 1a mot phti mé ctia X vdi cac

déng cau ¢;: U; x C" — U; va 1 U; x C?2 — U;. Xét tap hop

F1® Ey = H (E1)z @ (F2) -
reX

Khi do, ta xay dung cac anh xa

g2y = Uix (CraC?) — U= ] (). (E).

zelU;

(@, u) — (i(e, =) @iz, =))(w).

Cac anh xa nay xac dinh mot phan thé vecto hang r1.ro trén X, goi 1a tich tenzo

cua hai phan thé E; va Eo va duge ky hiéu la By ® Es.

Vi du 1.2.8. ([5, Muc 10]). Cho F la mot phan thé vects. Khi d6 ta dinh nghia
luy thwa ngoai bac k ciia phan thé vecto E bdi

AE = H AE,,
zeX

trong d6 F, la thé tai z € X.

Vi du 1.2.9. ([5, Muc 10]). Tréen C**! ky hieu toa do béi (29, 21, . . ., z,). Trén P?
ky hiéu toa do xa anh béi (zg : ... : z,). Ta dinh nghia tap hop

Opn(—1) :={(z,2) € P" x C""! : 2 nim trén duong thing tuong tng véi z}.
Xét phép chiéu lén thanh phan thi nhat 7: Op«(—1) — P" xac dinh bdi
m(x,z) = x v6i moi (z,z) € Opn(—1).

Véi moi x = (zg : ... : x,) € P, tao &nh 7~ !(2) 14 dudng thing trong C"*! tuong
ting v6i diém z, tiic 1a 7 1(z) = {\z: A € C} = C.
V6i mdi phtt mé Uy, anh xa ¢;: 77 1(U;) — U; x C xac dinh béi

Vi(z, 2) = (x, %) v6i moi (z,2) € 7 H(U;)
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1a mot déng cau véi anh xa ngudc Tﬁli U; x C — 77 1(U;) xac dinh béi

¢;1(:E,)\): (az )x(xO il ,x—n>>
x; x; T

Tren U; N Uj ta ¢6 anh xa tuyén tinh ¢; o wj_l: (UinUj) x C — (U; N U;) x C xac

dinh bdi
Pio b a, ) = < x’c_)

L

Do d6 Opn(—1) 1a mot phan thé duong thang trén P" v6i cdc ham chuyén g;; = S%

Chi ¥ rang, phan thé dudng thing Ops(—1) trén P" la phan thé con clia phan
thé tam thuong P x C"*1. Mit khac, phan thé ddi ngdu ctia phan thé Opn(—1),
ky higu bdi Opn (1), 1a phan thé vecto xac dinh béi cac ham chuyén g;; = i_J Phan
thé Opn (1) thudng duge xem nhu la phan thé siéu phing treén P* va dudc Xzéc dinh
béi

Op» (1) = [A],

v6i h la siéu phang trong P".

Theo [45, Chuong 1], v6i mdi s6 nguyén m € Z, ta dinh nghia:

Opn (1)%™ néu m > 0,
O]Pn(m) =
Opn (—1)®™ néum <0.
Vi du 1.2.10. ([5, Muc 7]). Trong khong gian xa anh P", ta dinh nghia mot dang

vi phan trén cac phtt mé U; 1a mot biéu thic c6 dang

w= fod< ) +f1d( ) toet fid (J; 1) + finad (xi“) c 4 fud (I”> ,
€X; X T; X T

. To 1
trong d6 fo, f1,..., fi—1, fis1,--., fn 12 cdc ham chinh quy theo cac bién —, ==,
Ty Ty
Ti—1 Tit1 Tn
s ey 9 900y .

Trén moi tap U; NUj, v6i moi k # i, ta viét

d(m)_d():ﬁd@_wﬁ)
ZT; z, €Ty T IZ- €

T do suy ra




Khi d6, ma tran

1 0 0 0
0 1 0 0
)
A”_wi —fo _mo % g [
0 o ... 0 ... 1

la ham chuyén xéc dinh mot phan thé vecto trén P, goi 1a phan thd doi tiép wic
ctia P?, ky hiéu phan thé nay 1a Qb,. Phan thé déi ngdu ctia phan thé doi tiép xic
dugce goi 1a phan thd tiép wic ctia P*, ky higu la Tpn, titc 1a Tpe = ()"

Vidu 1.2.11 ([20, Muc 3.2.3]). Cho V 1a khong gian vecto n - chiéu va G = G(k, V)
la da tap Grassmann ctia cac khong gian vecto con k chiéu ctiia khong gian vecto
n chieu V. Dat V = G x V 1a phan thé tam thuong hang n tréen G v6i mdi thé
clia n6 tai moi diém chinh la khong gian vects V. Chiing ta ky hiéu S 1a phan thé
con hang k ciia V v6i moi thé ciia n6é tai W € G chinh la khong gian con W cua
V. Phan thé thuong Q cua V 1a phan thé vecto hang n — k v6i moi thé cua né tai
W € G la khong gian thuong V/W. Phan thé S con dugc goi la phan thé con phd
dung trén G va phan thé Q con duge goi la phan thé thuong phd dung trén G.

Ménh dé 1.2.2 ([20, Dinh ly 3.5]). Phan thd tiép xic Tg trén da tap Grassmann
G = G(k,V) dang cau vdi Homy(S, Q), ¢ diy S,Q lan luigt la phan thé con pho
dung va phan thd thuong pho dung trén G, nghia la

Te = Homy(S,Q) =8"® Q.

Vi du 1.2.12. ([5, Muc 7]). Cho h C P" 14 mot siéu phang. Khi d6 ta c6 day khop

ngin cac phan thé
0 — Opn(—1) — Opn — O, — 0,

trong d6 O, 1a phan thé tam thuong trén siéu phing h.
S (n+1)

Xem Opn(—1) nhu la mot phan thé con ctia phan thé Op, , ta c6 day khdp
FEuler trong P™ la
0 — Opn(—1) — OF") 5 Tp(—1) — 0,

trong dé Tp» 13 phan thg tiép xtc trén da tap xa anh P".
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1.2.3 Ldép Chern va 16p Segre cia phan thé vecto

Dinh nghia 1.2.11 ([20, Chuong 5]). Néu E 1a mot phan thé vecto hang r trén
da tap xa anh X va p: P(F) — X 1a phan thd xa anh lién két thi p*(E) chita mot
phan thé duong thang L dinh nghia bai

L={(l,v)eP(E) x E:ve L}

Lay s € A1(P(E)) la 16p chu trinh tuong ting véi phan thé duong thing Op(g)(1).
Theo ([20, Dinh 1y 9.6]), A*(P(E) 1a A*(X) - modun tu do véi co s6 {1,s,...,s "1},
nghia 1, v6i moi 16p chu trinh y € A*(P(E)) c6 mot biéu dién duy nhat dudi dang

T
y= p(ax)s"
k=1

trong d6 zj, € A*(X). Dac biét, luon ton tai x;, € A¥(X) sao cho

r
§" = — Zp*($k)3r_k'
k=1

Lép Chern thi k ctia phan thé vecto E, ky hiéu béi ¢ (E), dudge dinh nghia nhu
sau:

cx(F) =1z € Ak(X), véimoi k=1,...,r.

Ldép Chern toan phan ctia phan thé vecto E, ky hieu 1a ¢(E), duge dinh nghia
béi
c(E)=1+ci(E)+caE)+ - +cr(E).

Lép Segre thi k ctia phan thé vecto E, ky hiéu béi si(E), duge dinh nghia theo
phuong phéap truy hoi nhu sau:

sE(E) + sp—1(E)ci(E) + ...+ s1(E)ck—1(E) +cx(E) =0, véimoi k=1,...,r.
Theo dinh nghia, ta co:

s1(E) = —a1(E),
s2(E) = c1(E)? — ca(E),
s3(E) = —c1(E)> + 2¢1(E)c2(E) — c3(E)

Ldp Segre toan phan ctia phan thé vecto E duge dinh nghia béi tong
sS(E) =1+ s1(E)+ ...+ s.(E).

25



Ménh dé 1.2.3 ([22, Chuong 3]). Ldp Chern théa man cac tinh chat sau day:

1. Voi moi phan tho vecto E hang r trén da tap xa danh X, ta co

co(E) =1 va ck(E) =0, vdi moi k > r.

ii. Néu E* = Hom(E,C) la phan thé doi ngau cia phan thd vecto E hang r trén
da tap za anh X thi

cr(E*) = (=1)Fcp(E) vdi moi k =1,...,r.
iii. Néu E va F la hai phan thd vecto trén da tap za dnh X thi
c(E®F)=c(E)c(F).
Twong duong, ta co
H(E® F) = Yi g ci( B)ep—i(F).

Meénh dé 1.2.4. ([5, Muc 10]). Gid st 0 — E' — E — E" — 0 la mot day
khép ngan cac phan thd vecto trén da tap za dnh X. Khi dé

c(E) = c(E").c(E").

1.3 Phép tinh Schubert

Cho da tap Grassmann G(k,n) gom tat ca cac khong gian con k chiéu ctiia khong
gian vecto n chieu V.

Lay V 1a mot co trong V, titc 1a mot diy long nhau cac khong gian con ctia V
0OCViC--CVypCV,=V,

trong d6 dim V; = ¢ v6i moi 1.

V6i moi day cac sd nguyén a = (aq, ..., a;) thoa
n—k>a >ay>--->a; >0,
Chu trinh Schubert, ky hiéu 1a X,(V), duge dinh nghia nhu sau:
Yu(V) ={W e G(k,n) : dim(V,,_gyiq "W)>i,Vi=1,... k}.

Ngudi ta da chi ra rang, chu trinh Schubert la mot da tap con ciia da tap
Grassmann G(k,n) véi d6i chiéu Zle ar. Theo [20], 16p chu trinh [2,(V)] khong
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phu thuoc vao viéc chon V. Khi do, ching ta dinh nghia [dp Schubert tuong ting véi

ala

Dé thuan tién, chiing ta viét 3, thay cho %,(V), viét Yo, 4., Cay....a, khi @ =
(a1,...,as,0,...,0) vd ¥y, 0, khi a = (p,...,p,0,...,0) véi ¢ thanh phan dau tién
bang p. Cac 16p chu trinh 0y, i =1,...,n—k vA oy, i = 1,...,k dudc goi 1a cac Idp
Schubert ddac biét.

Theo [20, B dé 4.5], cac 16p Schubert o, tao thanh mot tap sinh cho vanh Chow
ctia da tap Grassmann G(k,n). Phép nhan trong vanh Chow A(G(k,n)) dugc xac

dinh bdi cac cong thic sau:
B6 dé 1.3.1 (|20, He qua 4.2]). Dat G = G(k,n). Khi do
(01)"™ = (00—t = 0(iye € (@),

Ménh dé 1.3.1 ([20, Ménh dé 4,6]). Néu |a| + |b| = k(n — k), ta c6

O (n—k)* néu a; + by_; =n — k vdi moi i,
Ua . Ub -
0 nguoc lai.

Meénh dé 1.3.2 (([20, Menh dé 4.9]). (Cong thiic Pieri). Véi moi l6p Schubert

04 € A(G(k,n)) va moi s6 nguyén i sao cho 0 <i<n—k, ta cé

Oq " 03 = E Oc,
c

trong dé tong la tat cd c viin—k > ¢y > a1 > cg > - > ¢ > ap > 0, va le| = |a|+1.

Ménh dé 1.3.3 ([20, Ménh dé 4.16]). (Cong thitc Giambelli). Véi méia = (a1, .. ., ay)

sao chon—k>a; >ag>--->a; >0, ta co

oq = det(oq,+j—i)1<i,j<k;
trong do o9 =1 va oy, =0 vdi m < 0 hodgc m >n — k.

Cong thic cta Pieri cho chiing ta cach xac dinh tich cia mot 16p Schubert tiuy
v va mot 16p Schubert dic biet. Cong thitc Giambelli cho chiing ta cach bicu dién
mot 16p Schubert bat ki theo cac 16p Schubert dic biet. Do d6, két hgp ca hai cong
thitc trén, ching ta c6 thé xac dinh dugce tich ctia hai 16p Schubert tity ¥.
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Dinh 1y 1.3.1 ([20, Dinh 1y 5.26]). Vanh chow cia da tap Grassmann G(n, k) duogc

zac dinh nhu sau
Zioi,...,00 k]

[ ?
trong do I la idéan sinh bdi n — k da thic fn, € Zlo1,...,0n—k],m=1,...,n—k,

A(G(n,k)) =

va da thic f, la da thic xac dinh boi cong thic Giambelli nhu sau:

fm = opem = det(o14j-i)1<i j<ktm-

Vidu 1.3.1. Lay V la khong gian 4 chiéu va k = 2. Chiing ta sé mo ta vanh Chow
ctia da tap Grassmann G(2,4).

Lay V 1a mot co trong V, titc 1a mot diy long nhau cac khong gian con ciia V
ocWiclWhhcVsCcVy=V,

trong d6 dimV; =i v6imoi i =1,...,4.

V6i moi day cac sé nguyén a = (a1, as) théa
2>a; > ag >0,
ta ¢6 chu trinh Schubert
Ya(V) ={W € G(2,4) : dim(Vz_q, NW) > 1,dim(Vy_q, N W) > 2}.

Suy ra ta c6 6 16p Schubert sau:
1= [X00] = G(2,4),
o1 = [Z10] ={W:VanW) # 0},
o9 = [Yo o] = {W: V1 C W},
o1 = [Z11] ={W : W C 13},
091 = [2o1] ={W : V1 CW C V3},
092 = Yoo ={W : W =15}
Theo cong thic Pieri, ta c6
01-01=02+011,
o1-09=01-011 = 021,
01021 = 0202 = 022.
Theo cong thic Giambelli, ta co
o1 09

01,1 = det :O'%—Ug,
1 o4
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020

02,1 = det = 0102,
1 o
g9 0

022 = det = 0'%.
o1 02

Vanh Chow ctia da tap Grassmann G(2,4) la

Z|o1, 03]

1%

A(G(2,4))

2 21
{0:1)’ — 20102,0709 — 05}

1.4 Pa thitc dbi xing

Dinh nghia 1.4.1 (J42, Chuong 1]). Mot da thic f(z1,...,2,) € Zlxy,..., 2] 1&

da thiic doi ziing néu va chi néu
f@oys s Toy) = flo1,- s 2p),
v6i moi hoén vi o clia tap chi s6 {1,...,r}.

Dinh nghia 1.4.2 (J42, Chuong 1]). Mot da thic f(z1,...,2,) € Zlxy,..., 2] &

da thic phdn doi ziing néu va chi néu

f(@o)s s o) = sgn(o) f(z1,. .., 2r),
v6i moi hoan vi o clia tap chi s6 {1,...,r}.
Dinh nghia 1.4.3 ([42, Chuong 1]). Mot da thic f(z1,...,Zn, Y1, ..., Ym) trén vanh
Zlx1, ..., Tn, Y1, - Ym) 1& doi ming kép néu va chi néu
f@1, o n, vt ym) = F(@o)s -5 To(n)s Yo(1)s - - -+ Yo(m))»

v6i moi hoan vi o clia tap chi s6 {1,...,n} vA v6i moi hodn vi § ctia tap chi s6
{1,...,m}.
Dinh nghia 1.4.4 ([42, Chuong 1]). Da thic doi xiing so cap thi k theo cac bién

x1,..., Ty, k¥ hicu béi eg(zq,...,z,), duge dinh nghia bdi

ey, ..., xp) = g Tiy - Xy, vOimMOi 1 <k <.
1< <... < <r

Quy uéc, eg(x1,...,zr) = 1,ex(x1,...,2,) =0 v6i k < 0 hoac k > n.
Vi du 1.4.1.
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i. V6ir=1, ta c6 ey(r1) = z1.

ii. V6ir =2, ta co ey(z1,22) = 21 + 22, e2(r1, v2) = T129.
iii. V6i r = 3, ta co
e1(r1;w2;w3) = 11 + 22 + W3,
ea(w1; w2; r3) = x102 + T103 + T243,
e3(r1; w5 13) = T12273.

Dinh nghia 1.4.5 ([42, Chuong 1]). Da thic doi ming thuan nhat day di thi k

theo cac bién w1, ..., z,, ky hieu 1a hy(z1,...,r,), duge dinh nghia béi

hi(x1,.. . @) = Z TiyTiy - Tjp, VOl Mol 1 < k <.

Vi du 1.4.2.

1. Véir = 1, ta co hl(flil) = 2.
ii. V6ir =2, taco
hi(z1,22) = 21 + 22,
ho(x1,x2) = ZE% 4+ r179 + x%
ii. V6ir =3, ta co
hi(w1; w95 23) = 21 + 72 + X3,
ho(z1; v2; 23) = 2 + 23 + 22 + 1129 + 1173 + T3,
hs(x1;x9;23) = x?—l—x%—l—x%%—x%xﬁ—x%m%—x%xl +x§x3+x§x1 +$§$2+I1I2I3.
Vé6i moi k > 0 va v6i bat ky r, ta co:

k

Z(—l)iei(xl, x2, ... Tp)hp_i(z1, 29, ..., 20) = 0.
1=0

Vi du 1.4.3. Ta c6 ciac dong nhat thic sau day:
m=0:ey=hg=1,
m=1:h; —e; =0= hy = eq,
m=2:hyg—ethy +ex=0= hy =e h] — e2,

m=3:hg —ethy +exh]y —e3 =0= hg = e hy —eah1 + e3.
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Dinh nghia 1.4.6 ([42] Chuong 1]). Mot phan hoach A = (A1,..., \,) la mot bo
gom n s6 nguyén théa man A\; > ... > )\, > 0, trong d6 \i,...,\, la cidc thanh
phan ciia phan hoach. Chiéu dai ctia phan hoach ) 14 s6 thanh phan )\; khac khong,
ki hieu 1a 1()\). Tong |A| = Ay + ... + A, dudc goi 1a trong lugng clia phan hoach .

Mot biéu do Young la mot tap hop céc 6 vuodng xép lién ké nhau ciing chia sé cot
cuc trai va s6 lugng cac 6 trong mdi hang gidm dan theo thi tu tir trén xudéng dudi.
Néu moi hang theo thit tu tit trén xuéng dudi, s6 6 clia hang thit ¢ bang v6i thanh
phan )\; ctia phan hoach A = (\f,--- , \,) thi biéu do nay goi la bi¢u do Young ctia
phan hoach A.

Bing cach thay doi vai tro ctia cac dong va céc cot trong bieu do Young ciia
phan hoach ), ta thu duge mot biéu dé Young lién hop ctia phan hoach A, ky hiéu
la \*.

Vi du 1.4.4. Biéu do Young ctia phan hoach A = (4,2,1) la

Khi d6, phan hoach lién hgp cia A la A* = (3,2,1,1).

Dinh nghia 1.4.7 ([42, Chuong 1]). V6i moéi phan hoach A = (A, ..., \), da thic
Schur, ky hiéu la sy(z1,...,z,), dugc dinh nghia béi

. Gxy0,
sx(xg, ..., xp) =
as,
trong do
op=(r—1,...,1,0),
A+r—1 Ao+r—2 Ar
Ty T Ty
Ai+r—1 Ao+r—2 Ar
_ det(zt7 _ %2 ) )
A 46, = et(:nl. )rxr = . . . R
A1+r—1 Ao+r—2 Ar
ot .2 z;
xg_l xg_Q 1
r—1 r—2
d r—j Ty Ty 1
as, = det(x; 7 )pxr = _
gt gr2 1

31



Vidu 1.4.5. Lay r =3 vad A = (2,1,0), ta ¢6 da thitc Schur sau:

5(2,1,0)(T1, 2, 73) =
2
] x1 1

2
x5 wo 1

x% r3 1

= (1 + x2)(x2 + x3) (23 + x71).

Cha y rang, da thic as, = det(z ’)i1<i<j<r 1 dinh thic Vandermonde va ta c6
as, = det(z; )i<icj<r = Z sgn(o)z?0r) = H (z; — xj).
oES,! 1<i<j<r
Diéu d6 chi ra réng, da thiic ay,s chia hét cho as, . Vi thé, da thiic Schur sy la
mot da thic d6i xiing thuan nhat bac |)|.

Mat khac, ching ta ciing c6

r

r(r+1)
[@i—2) =1 as,
j#i
dugce goi la binh phuong cia dinh thic Vandermonde.

Hon nita, theo két qua ciia [56], hé s6 ciia don thite 2127~ trong

[@i—=

J#
bang r!.

Cho X 1a mot phan hoach va s6 nguyén duong k. Ta viét 4 € A ® k néu p thu
dugc bing cach them k 6 vao biéu do Young ctia phan hoach A sao cho khong c6
hai 6 ciing thém vao mot cot. Tuong tu, véi s6 nguyen duong r ta viét p € A® 17
néu g thu duge bing cach thém r 6 vao biéu dd Young clia phan hoach A sao cho

khong c6 hai 6 cung thém vao mot dong.

Dinh ly 1.4.1 ([40, Chuong 1]). (Luat Pieri). Véi cic ky hiéu nhu trén, ta co:

syhp = Z Su, S\l = Z Sp-

pEARD peEADL

Dac biét, néu X = (k) va A = (1¥) thi
sty (@1, ) = bz, xp), sary (@1, @) = e, ).
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Vi du 1.4.6. Tinh tich s 1)s9).

Theo luat Pieri, tich clia hai da thitc Schur trén la téng clia tat ca cac da thic
Schur s, v6i p la phan hoach duge hinh thanh béng cach thém hai 6 vao bang
Young A = (2,1) sao cho khong c¢6 hai 6 cing thém vao mot cot.

C6 tat ca bon truong hop nhu mo ta dudi day véi cac danh dau e 1a cac 6 them

vao bang Young A:

Khi do
5(2,1)5(2) = $(3,2) T 5(2,2,1) T 5(3,1,1) T S(4,1)-

Vi du 1.4.7. Tinh tich s 1)5(12).

Theo luat Pieri, tich ctia hai da thiic Schur trén la tong clia tat ca céc da thiic
Schur s, v6i p la phan hoach duge hinh thanh béng cach thém hai 6 vao bang
Young A = (2,1) sao cho khong c¢6 hai 6 cing thém vao mot hang.

C6 tat cd bon truong hop nhu mo ta dusi day véi cac 6 danh dau e 1a cac 6

thém vao bang Young A

Khi do
S(2,1)8(12) = 5(3,2) T 8(2,2,1) T 53,1,1) T 5(2,1,1,1)-

Nhu vay, mot da thitc déi xting co ban hoac mot da thitc ddi xting thuan nhat
day du c6 thé duge viét nhu 1a mot da thie Schur. Ngudce lai, mot da thice Schur
bat ki c6 thé biéu dién ducc dudi dang dinh thiic clia mot ma tran ma cac s6 hang
clia n6 1a cac da thitc déi xing co ban hodic cac da thitc déi xing thuan nhat day

di, diéu nay thé hién qua dinh Iy sau.

Dinh 1y 1.4.2 ([40, Chuong 1]). (Cong thiic Jacobi - Trudi). Néu X = (A1, ..., \)
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la mot phan hoach thi

P, P, 41
h,—1 hoy

2

sx = det (ha4j—i)1<i j<in) =

h)\n —n+1 h/\n—n—i—Q

% EXsHl T EXrgl—1
Exs—1 exs BRI LR B
2 2 2
sx = det (exs—j+i)1<ij<i ,
Exf—l4+1 EN—l42 %

Vi du 1.4.8. Gia sit n = 2, phan hoach A = (3,2), khi d6 \* =
Theo dinh nghia da thic Schur, ta c6

4 .2
]
4 .2
Lo Ty
s(3,2)(T1,T2) =
z1 1
zo 1

2 2
= xi{’xQ + xlxg.

Mat khac, ta cing c6
e1 = h1 =21 + x2,€2 = 2172,
eref = 30} (e1 + 22) = 2} + a0,
hy = @} + z132 + 23,
hg = x:{’ + ZL’%LDQ + :L‘ll‘% + ZL‘%,
hy = o} + a3wg + 2323 + 11235 + 23,
hshy = 23 + 2z{2? + 3323 + 30303 + 22125 + 23,
hihg = x? + 2:5‘11:52 + Zx?x% + 2:5?1’:13% + 2:1:%:1:;’ + 2.21:1;1:‘2l + ajg,
hsho — hihg = :L";’l‘% + iL‘%iL‘g

Theo cong thiic Jacobi - Trudi, ta co:

€9 0 0
5(3,2) = I =ler e2 0
0 1 €1
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1.5 Ly thuyét giao dang bién

Cho G 1a mot nhém dai s6 tuyén tinh chiéu g va X 1a mot da tap chiéu n trén
truong C dugce trang bi mot tac dong G x X — X. V6i moi ¢ > 0, ching ta c¢6
thé chon mot dai dien V clia G ¢6 chiéu ! ciing v6i mot phtt mé tra mat U C V.
v6i d6i chieu ctia V/U trén V 16n hon n — i ma trén d6 G tac dong tu do sao cho
phan thé thuong U — U/G ton tai (xem [17, B dé 9]). Khi do, tac dong chéo
tren X x G cing tu do, v6i mot s6 gia thiét nhe theo ([I7, Menh dé 23], phan
thé thuong X x U — X x U/G ton tai. Trong cidc phan dudi day, ta luon gia st
X x U — X x U/G ton tai va ki hieu 1a Xg.

Dinh nghia 1.5.1 ([I8, Dinh nghia 1]). V6i cac ky hi¢u nhu trén, nhém Chow G
- dang bién thi i cia X dugce dinh nghia béi

AF(X) = Aipi-g(Xa),
trong d6 A, la nhém Chow dugce dinh nghia trong Muc (|1.2.4)).

Theo [17, Ménh dé 1], dinh nghia AZG(X ) xac dinh nhu trén 1a mot dinh nghia
tét. Nhom Chow G - ding bién cia X duge dinh nghia 1a

AL(X) = EBAZG(X)

Néu X la da tap tron thi AY(X) dugce thita hudng tich giao tit nhém Chow
nguyen thity. Khi d6, AY(X) c¢6 cau tric ctia vanh phan bac va duge goi 1a vanh
Chow G— dang bién. Chang han, néu G = T = (C*)9 1a mot tac dong xuyén n chicu
thi vanh Chow T— dang bién ctia mot diém déng cau v6i mot mot vanh da thiic n
bién ([17]). Trong phan duoi day, ching ta ky hiéu vanh nay la Rp.

Mot phan thd vectod G - dang bién 1a mot phan thé vecto E trén X cliing véi phép
nang cla tac dong G tréen X dén mot tdc dong G trén E sao cho phép nang nay
tuyén tinh trén céc thé. Theo [17, B6 dé 1], Eg 1a mot phan thé vecto trén X.
Lép Chern G - dang bién ¢ (E) duge dinh nghia 1a 16p Chern ¢;(Eg). Néu E c6
hang 1a » thi 16p Chern cao nhat ¢ (E) dugc goi 1 16p Euler G - déng bién clia E
v duge ky hiéu bdi €@ (F).

Chi ¥ ring, phan thé vecto G - dang bién trén mot diém 1 mot dai dien cla
G (xem [I7, Muc 3.2]). Khi G = T = (C*)" la mot tdc dong xuyén n - chiéu va
X = pt 13 mot diém, dat M(T) 1a nhom dic trung ciia tac dong 7. Gid sit réng
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Rr = C[A1,..., ). Khi d6, c6 mot dong cau nhém ¢ : M(T) — Ry duge xac dinh
béi p; — A trong d6 p; la ddc trung ctia T duge xac dinh béi p;(ty, ..., tn) = ;.
Dicu nay cadm sinh mot dang cau vanh Sym(M(T)) = Rp. Ching ta goi ¢(p) 1a

trong lugng cua p. Dic bigt, A; 1a trong lugng ctia p;.

Vi du 1.5.1. Xét tac dong ctia xuyén T' = (C*)* len C* dugce cho bdi cong thiic
theo cac toa do
(a1,...,a4).(z1,...,24) = (@121, ..., a424).

Diéu nay cdm sinh mot tac dong lén da tap Grassmann G(2,4) vé6i cac diém co
dinh ¢o lap L; tuong tng véi cac phang toa do 2 chiéu trong C*. Méi diém L; dugc
danh s6 bdi mot tap con 2 phan tit I clia tap {1,...,4} dé L; dudc xac dinh béi
cac phuong trinh z; = 0 v6i j ¢ I. Lay S la phan thé con pho dung ciia da tap
Grassmann G(2,4). Tai méi diém L;, anh xa thu hep ctia tac dong 7' len thé S|z,
sinh ra mot dai dién ciia T' ¢6 dac trung p; v6i ¢ € I. Dai dién nay tao ra mot phan
thd vecto T - dang bién hang 2 trén mot diém. Chiing ta ciing ky hiéu n6 1a S|y, .
Néu I = {iy,i9} thi ching ta ¢! (S|z,) = N\i, + Ai, va e (S|1,) = Aiy - A, trong d6 Ay,

va \;, lan lugt 1a trong s6 cia p;, va p;,.

Cho X la mot da tap xa anh tron dude trang bi tac dong 7' = (C*)9. Chung ta
ky hieu X7 1a tap hop céc diém cb dinh ciia tac dong 7. Mot két qua quan trong
cia 1y thuyét giao ding bién la dinh 1 dia phuong hoéa.

Dinh ly 1.5.1 ([6, Atiyah-Bott]). Cho X7 la tap hop cic diém co dinh cia tac
dong T. Anh za nhing i : XT < X cam sinh mot dang cau

i AL(X) ®cpy,an R~ ALXT) @cpy,n R
trong do Ry = C(\1,..., \n) la truong thuong cia C[Ay, ..., \y].

Hon nita, Atiyah-Bott [6] va Berline-Vergne [§] da dua ra mot cong thic tuong
minh cho ding cau ngudc véi gia thiét rang X 1a mot da tap xa anh va X7 1a hitu

han. Cu thé hon, ching ta c6 cong thiic sau day.

Dinh 1y 1.5.2 (Atiyah-Bott [6], Berline-Vergne [8]). Gid st rang X la mot da

tap za dnh dudc trang bi mot tdac dong zuyén vdi hitu han diém cé6 dinh. Vi méi
ac AT(X), ta c6
/ a=Y" 2y (1.1)
X pEXT p
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trong do ey, la Idp Euler ding bién cta phan thd tiép vic tai diém c6 dinh p va alp
la su han ché cia o tdi diem p.

Chu § ring, cong thitc Atiyah-Bott-Berline-Vergne ([1.1)) chi ra riing ching ta c6
thé tinh bac ctia chu trinh khong chiéu trén da tap Grassmann tron theo cac dit

lieu tir cac diem cd dinh cla tac dong xuyén.
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Chuong 2

Bac cua da tap Fano

Béng ngon ngit clia 1y thuyét giao, Fulton [22] da chi ra rang bac ctia da tap Fano
c6 thé biéu dién nhu 1a mot s6 giao ciia cac 16p dac trung trén da tap Grassmann.
Trén co s do, cac cong thic tuong minh vé bac ctia da tap Fano ciing duge dua ra
bdi Debarre - Manivel [16] va Hiep [31]. Gan day, trong [33], Hiep da dé xuit mot
ki thuat méi dé xit Iy s6 giao ciia cac 16p dic trung trén da tap Grassmann, két
qua nay cung cap cong cu dé thiét lap cac cong thic lien quan dén nhing bat bién
clia da tap dai s6. Trong luan an, chiing toi tiép can huéng nghién citu nay dua ra
mot diic trung t6 hop cho bac ciia da tap Fano clia céc khong gian con tuyén tinh
trén mot giao day du trong khong gian xa anh phitc duéi dang hé s6 ctia mot don
thiitc dac biét trong syt phan tich clia mot da thiic déi xting. Hon nita, trong truong
hop chiéu clia da tap Fano bang mot, ching to6i sé chi ra mot cong thic lién hé gitta
gitta giong va bac. Trong chuong nay, ching t6i trinh bay cic két quia chinh trong
hai bai béao [34] va [36].

2.1 Da tap Fano

Dinh nghia 2.1.1 ([27, Vi du 6.19]). Cho X la mot da tap xa anh trén khong gian
xa anh P" va k 1a mot s6 nguyén duong sao cho 1 < k < n. Da tap Fano Fy(X) 1a
tap hop gom tat ca khong gian con tuyén tinh & chiéu chita trong X, nghia I

Fr(X)={W cC X|dimW =k} C G(n+ 1,k +1).
Da tap Fano Fj(X) la da tap con tron cua da tap Grassmann G(k + 1,n + 1).
Cau truc da tap xa 4nh ctia da tap Fano Fi(X) dugc thita hudng tir cau tric da
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tap xa anh cua da tap Grassmann. Thong qua phép nhung Pliicker, chiing ta ciing
nhan duge dinh nghia bac cia da tap Fano Fi(X).

Trong chuong nay, ching toi tim hiéu cac két qua gan day lien quan dén bac
ctia da tap Fano Fj(X) trong trudng hop X la mot siéu mit xa anh tong quat bac
d, tic 1a tap nghiém clia mot da thie thuan nhat bac d. Trén co s§ d6, ching toi
nghién citu va dua ra mot cong thitc tinh bac cho da tap Fano Fj(X) trong truong
hop X 1a mot giao day di xa dnh tong qudt loai d = (di, ..., d,), tic la giao ctia r
sieu mat bac d;, i = 1,...,7 v6i r 1a ddi chieu ctia X trong khong gian xa anh P".
Cht ¥ réng ¢ day ching ta gia st ring X phai la tong qudt, tic 1a X phai thuoc
mot tap md trit mat nao dé. N6i mot cach don gian, diéu kien tong quat c6 nghia
13 hau hét cac truong hop x4y ra ching ta sé thu duge cting mot két qua nhu mong
dai.

2.2 Nguyén ly ché

Dinh ly 2.2.1 ([20, Muc 5.4]). (Nguyén lj ché). Cho E la mot phan thd vecto hang
r trén da tap xa dnh X. Khi dé, ton tai mot da tap za dnh Y wva mot dong cau

phang f:Y — X sao cho
i. Dong cau kéo vé f*: A(X) — A(Y) la don dnh;

. f*(E)2 Ly ®---® Ly, vdi L; la phan thd duong thang trén'Y .

Ap dung Menh dé [1.2.3| va Dinh 1y [2.2.1] ta c6

r

o(B) = [0 +er(Ly).
=1
bat o; = Cl(Li) € Al(X), ta co

r

o(B) = [ (1 +au),

i=1
trong do6 aj,...,a, dugc goi la cac nghiém Chern cta E.
No6i cach khéc, ta thé xem céc 16p Chern ctia phan thé vects E nhu cac da thic

déi xitng co ban theo r bién aq,. .., a,.
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Hon nita, chung ta co:

co(E) =1,

Cl(E) = Z (67
1<i<r

co(E) = Z ;g
1<i<j<r

. ey

CT<E) = 19 ...0.

Cac Meénh deé sau day sé hitu ich khi chiing ta lam nhiing tinh toan trén cac 16p

Chern ctia mot phan thé vecto.

Meénh dé 2.2.1 ([22, Cha y 3.2.3 va Vi du 3.2.6]). Cho E va F la hai phan thd

vectd vdi cdc nghiém Chern (a;); va (8;);. Khi dé, ta cé cdc khang dinh sau:
i. E* co cac nghiem Chern la (—o);.
1. E® F co cic nghiém Chern la
(@i + Bj)ij-
ii. Sym? E ¢6 cic nghiem Chern la
(i + -+ + iy )iy < <iy-
. N*E c6 cic nghiém Chern la
(i + -+ + iy )iy <<y

Vi du 2.2.1. Cho E la phan thé vecto hang 2 trén da tap xa anh X véi chiéu 4.
Khi d6 16p Chern ctia Sym® E duge tinh thong qua céc 16p Chern ctia E nhu sau:

Gia st a1, o 1a cac nghiem Chern ctia E. Khi d6 Sym® E ¢6 cac nghiem Chern la
3aq, 201 + g, a1 + 209, 3as.
Vi vay, chiing ta c6:

cl(Sym3 E) =301 + 201 + ag + a1 + 202 + 3an
= 6(0&1 + 042)
= 661(E).

40



Tuwong tu, ching ta co:

co(Sym?® E) = 11¢1(E)? 4 10c2(E),
c3(Sym? E) = 6¢1(E)? + 30¢1 (E)ea(E),
c4(Sym® E) = 18¢1(E)%ca(E) + 9eo(E)?.

Meénh dé 2.2.2 (22, Vi du 3.2.2]). Néu E la phan thd vecto hang r va L la phan
thd duong thang thi

Ménh dé 2.2.3 ([20, Ménh dé 5.25]). Ldp Chern thit nhdt ciia phdan thd tiép xic
Ta cua da tap Grassmann G = G(k,V) la

a(Tg) = (n+1)oq,

trong dé o1 = ¢1(S*) = ¢1(Q) vdi S* la phan thd doi ngdu cia phan thd con pho
dung S va Q la phan thd thuong pho dung cia da tap Grassmann G(k,n).

Ménh dé 2.2.4 ([20, Muc 7.3.5)). Cdc l6p Chern ciia phan thd con pho dung S va
phan thé thuong pho dung Q ciia da tap Grassmann G(k,n) duoc zdc dinh nhu sau

ci(S) = (—D)ioy,Vi=1,....k

ci(Q)=o;,Vi=1,....,n—k,
trong do o; va oy la l0p chu trinh dac biét cia vanh Chow A(G).

Vi du 2.2.2. Trén da tap Grassmann G(k + 1,n + 1), xét phan thé d6i ngau S*
clia phan thé con S hang k& + 1. Lay W € G(k + 1,n + 1), khi d6 nhat cit ctia S*
tai W la H(W, Oy (1)). Do do, ta co:

S*=Ly® L@ --® Ly, v6i L; 1a cac phan thé duong thang.
Lép Chern toan phan ctia S* duge biéu dién dudi dang
(S ) =14c1(8") + -+ c1(SY).
Theo Nguyen Iy ché (2.2.1)), ta co:
o(8%) = (1 +ag) - (1+a),
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VOl a; = c1(L;) la cac nghiém Chern.

Xét phan thé Sym?(S*) tren G(k + 1,n 4 1) v6i hang
d+k
( Z ) > (k+1)(n— k).

Dé tinh 16p Chern ctia Sym?(S*) ta viét
Sym* (8 )= P Lfe- Ly
ap+-+ar=d,a; EN
Ma Cl(Lgo <o sz> = apog + ... + apag nén ta thu duge két QUé

C(Symd(S*)) = H (1 + apog + - - -+ akak).
a0+-~-+ak:d,a¢€N

2.3 Dac trung sb giao trén da tap Grassmann

Bang cach st dung clia cong thitc noi suy Lagrange phién ban cho cac da thic
nhiéu bién va bac bi chan, Hiep [33] da chiing minh cac dong nhét thic lien quan
dén cac da thic d6i xtng. Nhu mot hé qua, mot phuong phap khéac dé xit 1y céc
s6 giao clia cac 16p dac trung trén da tap Grassmann duge dua ra. Trong luan an,
ching toi stt dung két qua nay nghién citu cong thitc tinh bac ciia da tap Fano
F(X) trong truong hop X 1a mot giao day du.

Dau tién, ching toi trinh bay mot dong nhat thic lien quan dén da thic doéi
xitng dugce dua ra béi Hiep [33]. Két qua nay duge Hiep chitng minh bang cach st
dung dinh 1y chia da thitc nhiéu bién. Trong luan an, ching toi sé cung cap thém
mot cach ching minh hoan toan khac bang cach dung nhitng lap luan giai tich,
chitng minh nay dugce trinh bay cu thé trong Chuong 4 clia luan an. 0 day, chung
toi sé trinh bay lai cach ching minh ctia Hiep dé so sanh véi lap luan ma ching toi
dua ra.

Dé thuan tién, ta sé stt dung ky hiéu [n] thay cho tap {1,...,n}. Véi méi tap con
I'={i1,... i} C[n] thidat Ay = (N, .., N\i,) va 1€ = [n]\[].

Dinh 1y 2.3.1 ([33, Dinh 1y 1]). Cho P(z1,...,x}) la mot da thic doi xing cé bac
khong lon hon k(n — k), trong dé k,n la cdc s6 nguyén sao cho 0 < k < n. Khi do,
ta c6 dong nhat thic

P(Ar) c(k,n)
— , (2.1)
[CZM IT ca-xp  F

iel,jele
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1,

trong dé c(k,n) la hé so cia don thic x7~ xzfl trong khai trién cia da thic doi

ing

Chiing minh. Dat

F(xy,...,25) = Play, . 2p) [ [ (@i — 2y).
J#i
Theo gia thiét, bac ctia da thic F(z1, ..., ;) khong 16n hon
k(n—Fk)+k(k—1)=k(n—1).

Vi da thic P(z1,...,x;) la da thitc dbi xting nén da thic F(x1,...,z;) cling 1a da
thitc d6i xing. Theo dinh 1y chia da thitc nhiéu bién (xem [12, Dinh ly 3]), ton tai

cac da thic Fi(zy,...,z), v6i moii = 1,...,k va da thic R(zy,...,x) sao cho
n
R(zy,...,xp) = F(x1,...,7) ZF xl,--~,$k)H($z
j=1
trong d6 tat cd cac bac rieng theo tiing bién ciia da thic R(x1,...,x;) khong 16n

hon n — 1. Theo cong thitc noi suy Lagrange, ta co:

R(z1, ...,z ZR Aivs @2, - xp) L, (1)
21 1
Dung cong thitc noi suy Lagrange cho cac da thic R(\;,, xo, ..., x), ta co

R(.Z‘l, c. ,{L’k) = Z Z R()\il, )\2, N ,:L‘k)Lil ($1)Li2 (xQ)

11=1 12

Tuong tu, lap lai qua trinh trén & lan, ta thu duge

n k
R(:Ul, e ,xk) = Z R()\[) H Lil(SL‘l).
11,0t =1 =1

V6i méi tap I = {i1,... i}, ta c6 R(A\;) = F(A\r). Néu iy = i; v6i moi s # t
thi R(A\;) = 0. Vi bac ctia da thiic F(xq,..., ;) khong qua k(n — 1) nén he s6 cla

ap~t e 27! trong da thite R(x1, ..., xy) cling bing v6i hé s6 chia 2y~ -+ 2! trong
da thiic F(z1,..., ;). Didu nay suy ra he s6 ctia 2771277 ! trong F(x1,...,2y)

la

k!
%% H <A —A)

i€1,j#1
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V6i moi I C [n], ta c6

FO =P I -,

i,J€L,j#1
va
IT x-2= T1 Gi=x) [T =2
i€l j#i i€l jele ijEl ji
Diéu nay chi ra rang he s6 ctia 277127~ ! trong F(z1,...,xx) bing véi
P\
ny )
IC[n] H (Xi — )‘j)
il jele

Nhu vay ta c6 diéu phai ching minh. O

Ky thuat dia phuong héa trong 1y thuyét giao dang bién cho phép chiing ta bicu
dién s6 giao dudi dang mot s6 dit lieu duge gan vao cac diém cb dinh ctia mot tac
dong xuyén. Trong truong hop dic biet, doi véi da tap Grassmann, ching ta thu
dudc cac cong thie thia vi véi quan hé tam thuong lien quan dén cac ham hitu ti.
Trong [33], Hiep da dé xuidt mot phuong phap mdi dé xit 1y cac sé giao clia cac
16p dic trung trén da tap Grassmann bang cach sit dung cong thitc Atiyah-Bott-
Berline-Vergne va két qua ctia Dinh 1y . Tiép theo, ching toi trinh bay lai két
qud nay va chiing minh chi tiét, vi day 1a co s§ quan trong dudc sit dung trong lap
luan chiing minh két qua clia ching toi.

Xét cac s6 giao (bac ctia I6p chu trinh) sau day:

/ (S) / (Q).
G(kn) G(k.n)

trong d6 ®(S), U(Q) tuong ting la cac 16p dic trung clia cac phan thé con phd dung
S va phan thé thuong pho dung Q trén da tap Grassmann G(k,n).

Dinh ly 2.3.2 ([33, He qua 1]). Gid st rang ®(S) dugc dai dien bdi mot da thiic doi
zing P(x1, ..., 1) vdi bac khong ldn hon k(n—k), trong dé cdc bién xq,. ..z} la cdc
nghiém Chern cia S va V(Q) duge dai dién bdi mot da thite doi zing Q(y1, . . ., Yn—i)
vdi bac khong 16n hon k(n — k), trong dé cdc bién yy, ..., Ynp—k la cdic nghiém Chern

ctia Q. Khi dé ching ta cé cdc khang dinh sau day:

0.

iy C(k,n
| as) = el
G(k,n) :
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trong dé c(k,n) la hé s6 cia don thic 27" .. .xzfl trong khai trién cia da thitc

P(:L‘l, ce ,:Ek) H($Z - xj).
j#

_ c(k,n)
/G(k,n) vo) = (n— k)’

trong khai trién cia da thic

trong dé c(k,n) la hé so ciia don thic y?_l T
Q- ynn) [ [ Wi — ))-
J#
Chiing minh. Xét tac dong ctia xuyén T = (C*)" len C" dugc cho bédi cong thic
theo cac toa do

(a1, ... ap) « (T1,...,2n) = (@121, - . ., AnTp).

Diéu nay cdm sinh mot tac dong xuyén lén da tap Grassmann G(k,n) véi cac diem
c6 dinh co lap p; tuong ting v6i cac phang toa do k chiéu trong C*. Mbi diém py
duge danh s6 béi mot tap con k phan tit I C {1,...,n}.

Theo cong thic Atiyah-Bott-Berline-Vergne, ta co

G
/G(k:,n) CD(S) B Z

e
pr b1

va

_ \IJT(Q‘PI)
/G(k,n) \I/(Q) a Z .

e
pr b1

V6i moéi pr, cac tac dong xuyén len cac thé S|, va Qfp, ¢6 cac dac trung p; véi
i € I va p; v6i j € I¢ tuong ting. Két hop véi gia thiét, cac diéu nay chi ra rang cac

16p dac trung T - dang bién tai p; 1
®"(Slp) = P(Ar)

va
V(Qlp,) = Qre).

Vi phan thé tiép xtc tai p; déng cau véi S* ® Q neén céc dic trung ciia tac dong

xuyén lén phan thé tiép xic tai pr 1a
{pi—pjliel,jel}.
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Do d6 16p T - Euler ding bién ctia phan thé tiép xtc tai pr 1a
epr= ] Q=2 =D T v= ).
i€l jele i€l jele

Do d6, ta nhan dugce

B(S) = (—1)k=h) P
/G(k’n) Ic[n]z,;l—k H (Ai = A)

el jele
va
Q(Are QA1
R CEEDS - Y
G(k.n) 1Cn),[1|=k H (Nj = A) el Ti=n—k H (X = Aj)
1€l jele iel,jele

Két hop v6i Dinh 1y [2.3.1] khing dinh cta Dinh ly dugc chiing minh nhu
mong dgi. [l

2.4 Bac cua da tap Fano cua cac khong gian con
tuyén tinh trén mot siéu mat xa anh

Trong phan nay, ching ta sé liét ké lai nhitng két qua da biét vé bac ctia da tap
Fano clia cac khong gian con tuyén tinh trén mot sicu mat xa anh. Cho X 1a mot
siéu mat tong quat bac d trén khong gian xa anh P? va k 1a mot sé nguyén duong

sao cho 1 < k < n. Dé thuan tién, ta dat
d+k
5(n,k,d) = (k +1)(n — k) — ( Z )

Trong bai bao [38], Langer da dua ra két qua veé chiéu cia da tap Fano Fj(X) nhu

sau:

Dinh 1y 2.4.1 ([38, Dinh Iy 0.1]). Cho X C P" la mot siéu mdt di tong qudt bac
d. Gid si rang d # 2 (hodcn > 2k +1). Khi dé

i. Néu 6(n,k,d) <0 thi da tap Fano Fj,(X) =0,

ii. Néu &(n,k,d) >0 thi da tap Fano F,(X) la da tap con tron cia da tap Grass-
mann G(k +1,n + 1) ¢6 chiéu bang 5(n, k,d).

L6p chu trinh ctia da tap Fano [Fj(X)] trong vanh Chow A*(G(k+1;n+1)) dugc
mo ta béi dinh 1y sau:
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Dinh 1y 2.4.2 (20, Ménh dé 6.4]). Cho S la phan thd con pho dung trén da tap
Grassmann G(k+1,n+1) va Sym?S* la lug thita déi wing thit d ciia phan thd doi
ngau S*. Khi do

[F1(X)] = crop(Sym? S*) € A*(G(k + 1;n + 1)),
trong do ciop(E) la Idp Chern cao nhat cia phan thd vecto E.

Theo ngon ngit ciia 1y thuyét giao, bac ctia da tap Fano Fj(X) dugc biéu dién
nhu 13 mot s6 giao clia cac 16p dac trung trén da tap Grassmann.

deg(FL(X)) = /

C(d+k) (Symd S*) . Cl(Q)é(n’k’d), (2.2)
G(k+1,n+1)

d

trong d6 S va Q la cac phan thé con pho dung va phan thé thuong pho dung trén
da tap Grassmann G(k + 1,n + 1), Sym? S* 1a luy thita déi xing tht d cia phan
thd ddi ngau S* va ¢;(E) 1a 16p Chern thit i ctia phan thé vecto E.

Ap dung cong thic Atiyah - Bott - Berline - Vergne ciia 1y thuyét giao ddng bién,
Hiep [31] da chiing minh bac clia da tap Fano Fj,(X) duge biéu dién dusi dang tong
clia cac ham phan thic ddi xing nhu sau:

Goi Z la tap hop gom tat cd cac tap con I c¢6 k + 1 phan tit clia tap hop
{1,...,n+1}. Tren vanh da thitc Clhq, ..., h,o1] v6i n+1 bién hq, ..., hye1, v6i moi
tap I € Z, ta dat

St = H sz‘hz’ : lezhj
vENY  c vi=d \ €] JéI

va

Khi d6 Sy, Qr va Ty 1a cac da thiic ctia vanh Clhy, ..., hyy1].

Dinh 1y 2.4.3 ([31, Dinh 1y 1.1]). Lay k,n,d € N théa mdn d # 2 (hodcn > 2k+1)
va 6(n,d, k) > 0 va X C P" la siéu mat tong qudt bac d. Khi dé, bic cia da tap
Fano Fi(X) dugc zac dinh bdi

SIQi(n7k7d)

deg(FL(X) = (~1)"0h0 Y S (23)
IeT

trong dé tong trén chay trén khdp tat cd cdc tap I thuoc T.
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Cha y 2.4.1. Vé phai clia cong thiic (2.3) 1a mot ham phan thic hitu ti va dinh

ly trén néi rang no6 that sy 1a ham hang, hon nita 13 mot s6 nguyen khong am.

Vidu 2.4.1. Cho k = 1 va X C IP? 1a mot siéu mat tong quat bac ba. Trong trudng
hgp nay, da tap Fano Fy(X) c6 sb chiéu 1a §(n, k,d) = 0. Bac cia Fy(X) duge tinh
toan theo cong thitc trén nhu sau:

Z 3hiy (2hiy + by, ) (hiy + 2Ry, ) 3Ry,

deg(Fl (X>> - (hu - hjl)(hi1 - th)(hi2 - hjl)(hi? - th)’

{i1,i2}C{1,2,3,4}
trong d6 {j1,j2} 1a phan bu cta tap {i1,i2} trong tap {1,2,3,4}. Sau khi don gian

hoa vé phai clia cong thitc trén, ching ta thu duge bac ctia da tap Fano Fy(X) 1a
27.

Néu k,n,d € N thoa man d # 2 (hodic n > 2k + 1) va §(n,k,d) = 0 thi da tap
Fano Fi(X) ¢6 chiéu bang 0. Trong trudng hop nay bac ctia da tap Fano Fj(X)
bang véi s6 khong gian con tuyén tinh k-chiéu ctia X.

Dic biet, néu k = 1 va §(n, k,d) = 0 thi d = 2n — 3. Trong truong hop nay, ta co
IT={{i,j}|1<i<j<n+1}

V6i mbi I = {i,j} € T, ta c6

2n—3

Sr= H (ahi + (2n — 3 — a)hj)
a=0

va

Tr= 1] (o = ) (R — hy).

ki,
Tt d6 dua dén hée qua sau:
Hé qua 2.4.1 ([31, He qua 1.2]). Vdi cic ki hiéu da néu J trén, néu d # 2 (hodc
n>2k+1) vad(n,k,d) =0. Khi dé so cic khong gian con tuyén tinh trén X bing
Si
Ty

IeZ

Dac biet, sé6 duong thang trén mot siéu mat tong qudt bac 2n — 3 trong P bing

HEZBB(ahi + (2n — 3 — a)hy)
Z Hk;ﬁi,j((hi - hk)(hj — hy) .

1<i<j<n+1
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2.5 Bac cua da tap Fano cua cac khong gian con
tuyén tinh trén mot giao day da xa anh

Cho X 1a mot giao day du tong quét loai d = (dy,...,d,) trong khong gian xa

anh P véin >4 va d; > 2 v6i moi i = 1,...,r. Dé thuan tién, ching ta dat

S(n,d k) = (k+ D(n— k) — 3 <dl‘€”‘5)

i=1
Dinh 1y 2.5.1 ([16, Dinh ly 2.1]). Néu X khong la giao day di bac hai (hodc
n > 2k+r) va é(n,d, k) > 0 thi da tap Fano Fi(X) la da tap con tron cia da tap
Grassmann G(k +1,n + 1) ¢6 chiéu bang 5(n,d, k).

Debarre - Manivel da chi ra cong thic tinh bac cho Fj(X) nhu sau:

Dinh 1y 2.5.2 ([16, Dinh 1y 4.3]). Vdi cdc ky hiéu néu trén, néu X khong la giao
day di bac hai (hodc n > 2k +1) va §(n,d, k) > 0 thi bac cia da tap Fano Fj(X)
duoge xac dinh nhu sau:

deg(Fr(X)) = e(n, . k),

trong dé e(n,d, k) la hé s6 ciia don thite xlaV 1 .- -xz_k trong khai trién cia da thitc

11 11 (aoxo + - - + agzg) (o + - - + ) ) T [ (i — ).

=1 ap+--+ar=d;,a;EN 1<j

Vi du 2.5.1. Chung ta xét lai Vi du g trén. Tit phat biéu ctia Dinh Iy
bac cta da tap Fano Fj(X) duge tinh nhu sau:

deg(F1(X)) = e(3,(3), 1),
trong d6 e(3, (3),1) 1a he s6 ctia z32? trong khai trién da thitc.
3x0(2z0 + 1) (xo + 221)321 (20 — 21).
Sau khi khai trién va rit gon céc don thitc cling bac, ching ta thu duge
e(3,(3),1) =21.
Do d6, bac cua da tap FanoF;(X) bang 27.

St dung Dinh 1y {) chiing toi da dua ra mot dic trung to hgp cho bac clia
da tap Fano Fj(X) ctia cac khong gian con tuyén tinh trén mot giao day du trong

khong gian xa anh.
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Dinh 1y 2.5.3. Vdi cdc kij hiéu néu trén, néu X khong la giao day di bac hai (hodc

n>2k+r)wvadn,d k) >0 th bic cia da tap Fano F(X) dugc xdc dinh bdi
c(n,d, k)

d (X)) = —— 2~

trong dé c(n,d, k) la hé s6 cia don thic zf) - - - 2} trong khai trién cta da thic

H H (aomo + - + agzg) (w0 + - - + 23,) V) H(ﬂcz‘ - xj).

i=1 ag++ar=d;,a; EN i#]

Dé chiing minh Dinh 1y [2.5.3, ching t6i can stt dung két qué ctia BS dé sau:

(2.4)

Bo6 dé 2.5.1 ([20, Ménh dé 6.4]). Cho X la mot giao day di tong qudt logi d =
(dy,...,d,) trong khong gian za dnh P*. Da tap F = F,(X) la tap khong diém ciia
mot nhat cdat toan cuc ctua phan thé vecto

r

F =P sym*s*.

i=1
Ching minh. Gia st X = X1 N---N X, CP" la giao cla cua r siéu mat Xq,..., X,
v6i deg(X;) = d; v6i moi i = 1,...,7. Khi d6, méi Fj,(X;) la tap khong diém cia
nhat cit toan cuc s; clia Sym® S*. Vi vay, da tap F la giao clia cac tap khong diém
Fi(X;), va la tap khong diém ctia nhat cit toan cuc s = (sq,...,s,) ciia phan thé

vecto F. O]

Chiing minh Dinh 1j[2.5.9 Theo Dinh Iy [2.4.2] 16p chu trinh [Fj(X)] 1a 16p Chern
cao nhat cia phan thé vecto F. Néu §(n,d, k) > 0 thi

r

deg(Fj,(X)) :/ L ciop(Sym® &%) - e1(87)7m45), (2.5)
G(k+1n+1) ;7

trong d6 ciop(F) 12 16p Chern cao nhat clia phan thé vecto E.
Theo Nguyén 1y ché, 16p dac trung

r

H CtOp(Symdi S*) (5*)6(71,@7@

i=1

la dugc biéu dién dusi dang mot da thic déi xing

.
(—nFe= T 11 (aowo + -+ - + agwy) (wo + - - - + x5) VR,
i=1 apo+--+ar=d;,a; EN

trong do zo, ...,z la nghiém Chern ctia phan thé con S trén G(k+ 1,n + 1).

Ap dung Dinh 1y [2.3.2] ta ¢6 didu can ching minh. O
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Chi ¥ rang, cong thitc tinh bac (2.4) c6 vé tuong tu nhu cong thiic clia Debarre
va Manivel trong Dinh 1y [2.5.20 Tuy nhién, é day ching ta xem xét hé s6 cia don

thic g - - - 27 trong tich ctia da thic
T
11 11 (aomo + - + apzg) (o + - - - + 23,) VY
i=1 ao+--+ar=d;,a;EN

vGi bigt sb6

A =] —=y)

i7#]
thay cho hé s6 ctia don thiic :c(}:c’ffl . ~x2“k trong tich ctia da thiic trén véi dinh
thitic Vandermonde
V=1|(zi—z;)
1<J

Hon nita, phuong phap tiép can clia chiing t6i hoan toan khac véi phuong phap
ctia Debarre - Manivel. Ching toi sit dung k§ thuat xit 1y s6 giao clia cic 16p dac

trung tren da tap Grassmann duge dé xuat bdi Hiep trong [33].

Vi du 2.5.2. Chung ta tré lai v6i Vi du  tren. Theo dinh 1y [2.5.3] bac cia
da tap Fano F(X) dugc tinh nhu sau:

c(3,(3),1)

deg(F1(X)) = 2220,

trong d6 ¢(3, (3),1) 1a he sb ctia don thitc z3z$ trong khai trién ciia da thitc
3x0(2x0 + 1) (z0 + 221)371(x0 — 1) (21 — T0).
Sau khi khai trién va rit gon céc don thiic cling bac, ching ta thu dugdc
c(3,(3),1) = 54.
Do dé6, bac cua da tap Fano Fi(X) la 27.

Vi du 2.5.3. Liy X c P* 1a mot siéu mat bac 4. Trong trudng hgp nay, chiéu ciia
da tap Fano F1(X) 1a §(4,(4),1) = 1, tic 1a F1(X) C G(2,5) € P 1a mot duong
cong xa anh tron. Bac ctia da tap Fano Fj(X) dugc tinh nhu sau:

c(4,(4),1)

deg(F1(X)) = ST

trong d6 c(4, (4),1) 1a he s6 ctia don thitc z§z] trong khai trién ctia da thiic
4x0(3z0 + 1) (220 + 221) (20 + 321)421 (20 + 21) (0 — 21) (21 — X0).
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Sau khi khai trién va rit gon céc don thiic cing bac, ching ta thu dugc
c(4,(4),1) = 640.
Do dé, bac cua da tap Fano F1(X) la 320.

Vi du 2.5.4. Liy X = X; N Xy C P° la giao clia hai sieu mat X; va Xo vdi
deg(X1) = 2 va deg(X3) = 3. Trong truong hop nay, chiéu cia da tap Fano F;(X)
14 6(5,(2,3),1) = 1, tidc 1a da tap Fano Fi(X) C G(2,6) C P la mot dudong cong
xa anh tron. Bac cta da tap Fano F;(X) duge tinh nhu sau:
c(5,(2,3),1)

2! ’
trong d6 ¢(5,(2,3),1) la he s ctia don thitc 227 trong khai trién ctia da thiic

deg(F1(X)) =

2x0(xo + 21)221320(220 + 1) (20 + 221)321 (20 + 21) (0 — 1) (21 — Z0).

Sau khi khai trién va rit gon céc don thitc cling bac, ching ta thu dugce
c(5,(2,3),1) = 360.

Do do, bac cua da tap Fano F;(X) la 180.
Vi du 2.5.5. Lay X = X1 N Xy N X3 C PY 13 giao ciia ba siéu mat bac 2. Khi do,
chiéu ctia da tap Fano F1(X) 1a §(6,(2,2,2),1) = 1, tic 1a F1(X) C G(2,7) 1a mot
duong cong xa anh tron. Bac cua da tap Fano Fj(X) duge tinh nhu sau:
c(6,(2,2,2),1)

2! ’
trong d6 c(6,(2,2,2),1) 1a he s6 cia don thite 2529 trong khai trién ctia da thiic

deg(F1(X)) =

2x0(xo + x1)2x12x0(T0 + 1)271 270 (20 + 71)271 (20 + 21)(T0 — 1) (71 — X0).
Sau khi khai trién va rat gon céc don thic cling bac, ching ta thu dugc
c(6,(2,2,2),1) = 256.

Do d6, bac cua da tap Fano Fi(X) la 128.

2.6 Coéng thic gibng - bac cia dudng cong Fano

Dinh 1y 2.6.1. Cho X la mét giao day di tong qudt logi d = (dy,...,d,) trong
khong gian xa dnh P". Néu §(n,d, k) = 1 thi da tap Fano Fj,(X) la mot duong cong
za dnh tron lién thong vdi bac d va giong g théa man dang thic sau:
T
d; + k
() e
— kE+1
g=1+"25 5 d.
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Két qua ctia Dinh Iy c6 thé xem nhu la mot sy tong quat cho céc cong viec
ctiia Markushevich [40] va Tennision [51].

Dé chitng minh Dinh 1y [2.6.1], trude tien ching toi ching minh B dé sau.

Bé dé 2.6.1. Néu E la phan thd vecto ¢é hang k + 1 va Sym™ E la liy thia doi

xing bac m cua E thi hang cia Sym™ E la (m;jk) va

c1(Sym™ E) = (T]:__: f) c1(E),

trong dé c\(E) la l6p Chern thit nhat cia phan thé vecto E.

Chiing minh. Chiing ta sé ching minh B6 dé biang phuong phap quy nap theo m

va k.

1. Véim = 1tacé Sym' E = E. Do d6, véi moi k, hang ctia Sym' B 1a (%) = k+1

N

va

1
o1 (Sym! B) = o1(E) = (ki’j) o (E).
Nhu vay, bo dé ding véi (1, k), v6i moi k > 0.

2. V6i k = 0 thi £ la mot phan thé dudsng thang. Do do6, v6i moi m, Sym™ E ciing
13 mot phan thé duong thing. Suy ra hang ctia Sym™ E la (maro) =1va

m—+0
mE) = FE) = E).
c1(Sym™ E) = mei(E) (0+1>01( )
Nhu vay, bo dé ding véi (m,0), véi moi m > 1.

3. Véim >1vak >0, gid st ring B6 dé ding vé6i (m —1,k) va (m, k —1). Chiing
ta sé chiing minh ring B6 dé diung véi (m, k). Bing cach 1y luan tuong ti nhu
trong [20, Bo dé 7.6], chiing ta xét day khdp ctia cdc phan thd vecto

0—L—FE—FE —0,

trong d6 L 1a mot phan thé duong thang va E’ 1a mot phan thé vecto c6 hang
k. Vi vay ching ta c6
Cl(E) = Cl(L) + Cl(E/).

Theo tinh phd dung ctia céc lity thita doi xiing ([19, Ménh dé A.2.2.d]) ta thay

rang v6i moi m > 1 ta c6 day khép
0— L®Sym™ 'F — Sym™ E — Sym™ E' — 0.
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Do d6 Bd dé ciing ding véi (m — 1, k), vi thé hang ciia L ® Sym™ ! F 1a hang

ctia Sym™ ! E va bing (m_ka

m—;+k>01<L)+ (m—1+k>01<E).

)
c(L®Sym™ ' E) = (m - k) c1(L) + ¢ (Sym™ ! E)
( o
)

Do dé Bé dé ding véi (m, k — 1), vi thé hang clia Sym™ E' 1a (m,jffl) va,
-1
c1(Sym™ E') = (m +: )cl(E’).

Vi vay hang cua Sym™ F la
m+k—1 N m—1+k\ [(m+k
k—1 k -\ k)

c1(Sym™E) = ¢1(L®Sym™ ' E) + ¢y (Sym™ E')
_ (m—=1+k m—1+k m+k—1 ,
= ( 1 )Cl(L) + ( Eo1 )C1(E) + ( 2 )Cl(E)

m+k—1 m+k—1
= ( " )01(E)+< P )01(E)
m+ k
- <k+1)cl(E)'
Nhu vay B6 dé ding v6i moi (m, k). O

Chaing minh Dinh 1yj(2.6.1, Dat F = Fj,(X). Néu 6(n,d, k) = 1 thi bac d va giéng g
cua F' thi dugce tinh nhu sau:
d= / [F] - o1
G

g = l—X(OF) = 1_%/}761(TF)’

va

trong d6 T 1a phan thé tiép xtc trén F. Dé x4c dinh ¢ (TF), chiing ta xem xét day

khép chuan tic sau:

O—>TF—>Tg|F—>NF/G—>O,

trong d6 N/ 1a phan thé tam thudng ciia F trong G. Theo B6 dé [2.5.1) F 1a tap
cac khong diém ctia F nén Ny, dang cau F|p. Theo B6 dé[2.6.1)va Menh dé [2.2.3|
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chung ta c6
(a(Telr) — a(Flr))

/FCl(TF) =

(e(Te) = ci(F)) - [F]

I
S— S— 5

(n+1)o; — ch Sym® S*) | - [F]
1=1

di + k
_ -y d.
nt <k+1>

Nhu vay, ta da hoan thanh chiing minh cong thtc lien he gitta giong va bac. O]

Vi du 2.6.1. Cho X la mot siéu miit tong quat bac bén ba chiéu trong khong gian
xa anh P4, Trong truong hop nay, 6(4,(4),1) = 1. Theo [52, Muc 2], da tap Fano
Fi(X) 1a dudng cong xa anh tron bac d = 320 va giéng g = 801 théa man

5
-5
QQ——d—1+§d
—1+2d

=1
Téng quéat hon, néu X C P" (n > 4) la mot sieu mit bac 2n — 4 thi da tap Fano

Fi(X) C p("2)-1 13 duong cong xa anh tron bac d va giéng ¢ théa man cong thic

(2n2— 3) e 1d

2
Vi du 2.6.2. Cho X C P° la mot giao day dua tong quat loai (2,3). Khi d6
8(5,(2,3),1) = 1. Theo [43, Dinh ly 2.2 (i)], da tap Fano F1(X) la dudng cong
tron bac d = 180 va gidng g = 271 thoéa man

3\ (4
) ()-e, s
d=1+2d

2

sau:

g=1+

g=1+

Téng quat hon, néu X C P* (n > 5) 1a mot giao day du tong quat loai (n—3,n —2)
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thi F1(X) 1a duong cong xa anh tron bac d va giéng g thda man cong thiic sau:

() ()

=1
g + 5

Vi du 2.6.3. Cho X C PS la mot giao day du tong quat loai (2,2,2). Khi dé6
5(6,(2,2,2),1) = 1. Theo [43, Dinh 1y 2.2 (ii)], da tap Fano F;(X) la duong cong xa
anh tron bac d = 128 va giéng g = 129 théa man

)G

2

Téng quét hon, néu X € P” (n > 6) la mot giao day du tong quat loai (2,n—4,n—4)
thi da tap Fano Fj(X) dudng cong xa anh tron bac d va giéng g théa man cong

2(”53) —n42
d.

thitc sau:
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Chuong 3

Dac trung Euler cua phan
thé Tango

Nam 1976, Hiroshi Tango [51] da xay dung mot phan thé vecto khong phan
tach duge hang n — 1 trén khong gian xa anh P", goi la phan thé Tango. Ap dung
ki thuat tinh toan ctia 1y thuyét giao trén khong gian xa anh, chung toi dua ra
cac két qua cho cac 16p diac trung ctia phan thé Tango. Tt d6, dua vao dinh 1y
Hirzebruch-Riemann-Roch, chiing toi thiét 1ap cong thitc cho dic trung Euler cua
phan thé Tango trén khong gian xa anh. Trong chuong nay, chiing to6i trinh bay chi
tiét cac két qua chinh trong bai béo [14].

3.1 Xay dung phan thé Tango

Dinh nghia 3.1.1. ([45, Dinh nghia 4.1.1]). Phan thé vecto E trén khong gian xa
anh P" dugc goi la phan thé vecto khong phan tach dude néu né khong thé phan

tich thanh téng truc tiép ctia hai phan thé vecto con.

V6i E la phan thé vecto trén khong gian xa anh P" va 4 13 s6 tu nhién, ta st
dung ky hiéu
h(P", E) = dimc(H (P", E)),

trong d6 H'(P", E) 1a nhém dbi dong diéu thit i clia phan thit vects E trén P.
Dinh nghia 3.1.2. ([45, Dinh nghia 4.1.1]) Phan thé vects E trén khong gian xa

anh P" dugc goi 1a phan thé don néu R°(P", E* @ E) = 1.
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Chi y rang, néu £ 1a phan thé don thi £ 14 phan thé vecto khong phan tach
dugec.

B6 dé 3.1.1 ([45, B6 dé 4.3.1]). Gid st E la mot phan thd toan cuc vdi hang r > n.
Khi dé ton tai mot day khdp cdac phan thé vecto

0—Op."—E—F—0,
trong do F' la mot phan thd vecto hang n.

Chitng minh. Vi E 1a mot phan thé toan cuc nén dong cau dinh gia ev 1a toan cau.

Do d6 ta c6 day khép
0— K — H(P", E) ® Opn = E — 0.

Hat nhan K ciia dong cau dinh gia ev 1a phan thé duge xac dinh baéi
K ={(z,s) € P, x H(P", E) : s(x) = 0}.

Thong qua cac phan thdé xa anh lien két ta c6 mot anh xa

f @ P(K)—P"xP(H'(P", E)) — P(H'(P"E))

(z,[s]) +— [s]

trong dé anh xa thit hai 14 phép chiéu lén thanh phan thi hai.
Véi mdi [s] € P(HY(P", E)), thé

FH([s)) = {z € P2 s(2) = 0}

déng cau véi tap cac khong diém cta s.
Dat h9(P™, E) = N +1. Khi d6 f 1a mot anh xa tit da tap phiic (n+ N —r)-chiéu
P(K) dén khong gian xa anh N - chiéu P(H°(P", E)). Suy ra

codim(f(P(K)),P(H’(P", E))) > r — n.

Do d6 ton tai mot khong gian con xa anh (r —n — 1) - chiéu P(V) trong
P(HY(P", E)) ma khong giao véi f(P(K)). Diéu nay c6 nghia la nhat cit s € V C
HY(P", E) khong triét tieu. Khi d6 day

V®Opn — H (P E)® Opn 5 E
cho ta mot phan thé con tam thuong V ® Opr C E ¢6 hang r — n. O
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Heé qua 3.1.1 ([45, Phan 4.3)). Gid st E la mot phan thd vecto hang r trén P™ vdi
r > n. Khi dé ton tai diy khdp

0— Opn(a)®™ 5 B — F—0,
trong do F' la mot phan thd vecto hang n.

Dé tim mot nhéat cit khong triét tiéu ctia phan thé toan cuc F hang r trong

khong gian xa anh P, ta chi can xét 16p Chern cao nhat.
B6 dé 3.1.2 ([45, B6 dé 4.3.2]). Néu ldp Chern cao nhat c.(E) ciia phan thd toan
cuc E hang r trong khong gian xa dnh P™ triét tiéu thi E chida mot phan thd con
tam thuong cé hang bang 1.
Chitng minh. Ta c6 thé gia sit r < n. Ta lai xét day
0— K — H(P" E)® Opn =5 E — 0.
Dat N+1 = h%(P", E). Anh xa f: P(K) — P(H°(P", E)) bién da tap (N + (n—r))
chiéu P(K) thanh mot khong gian xa anh N chiéu. Lay [s] € P(H°(P", E)) 1a mot
gia tri chinh quy ctia f. Khi d6 f=1([s]) 1a mot da tap con (n —r) - chiéu ctia P(K),
ky hiéu da tap nay la Z. Ta c6
Z = fY[s]) & {x € P": s(zx) = 0}.
Nhu vay, Z dugc xem nhu 1a mot da tap con cua P™.
Ta c6 s 1a hoanh chinh quy trén nhat cat khong diém ctia E véi tap khong diém
Z va do d6 c¢.(E) c6 thé duge dong nhat véi 16p déi ngdu dp«(Z) ctia Z. Theo gia
thiét ta co
dpn(Z) =0 hay degZ =0.

Diéu nay chi xay ra khi Z = @. Vay s khong c6 khong diém. O]

Bay gio ta sé xay dung phan thé Tango trén P*. Bat dau tit diy khép Euler sau

0 — Opn(—1) — OF" ) 5 Tpo(—1) — 0.

Liy thita ngoai cap n — 1 ctia day trén dugce xac dinh béi
(n+1

0 — A" 2Tpn(—1) @ Opn(—1) — (’)Ejn )y A" e (—1) — 0. (3.1)

Hon nita,
A" T (1) 2 Qb @ det Tpn (—1) = Q5. (2).
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Dit E = (A" 2Tpn(—1)) ® Opa(—1))*. Khi d6 déi ngau ciia day (3.1) 1a

o("3)
0 — Tpn(—2) — Opn — E —0.

Diéu nay chitng té rang £ 13 mot phan thé toan cuc véi hang

n+1 n
r= —n= .
2 2
Véi n > 3 ta c¢6 r > n, theo He qua (3.1.1)) ton tai day khop

0— 0™ s E—s E —0,

trong d6 E’' 14 mot phan thé vecto hang n. Ta ¢6 £’ cling la phan thdé toan cuc.
L6p Chern cao nhat ctia E' 1a

cn(E') = cn(E) = 0.

Theo B dé (3.1.2), E' chtta mot phan thé con tam thudng c6 hang 1. Lay T, 1a
thuong, nghia la

0—Opn —E —T,—0

la day khép. Do d6 ta tim duge mdt phan thé T, ¢6 hang n — 1 trén P" véi
1 1—2h

T d(Ten(-2) (1= R

o(Tn) = c(E) = c(E)

v6i h 1a 16p siéu phang trong P".
Bay gio ta sé ching minh T,, 1& phan thé don. Xét cac day

o("3")

0 — Tpn(—2) — Opn — E —0, (3.2)
0— (’)Eﬁ(r*”) — E—E —0, (3.3)
0— Opn — E' — T), — 0. (3.4)

Lay tich tenxo day d6i ngau cia day (3.4]) v6i T, va xét day doéi dong dieu lien két,
ta dugce
WP TF T, < hO(P", E*Q1T,).

Thue hién tuong tu v6i day , ta dugce
KO P" E™* @ T,) < h°(P", E* @ Ty,).
Ta chi con phai chitng minh
WP E*®T,) = 1.
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Lay tich tenxo (3.4]) va (3.3) véi E*, ta ducc cac day khép sau
0—F —=FEQF —FE'®T, —0,

0 o0 _ ok S —0.
V6i cht QF, = AFQL, | ta c6

E* = A" ?Tpn(—1) @ Opn(—1)
>~ A20L, (1) ® det Tpn (—1) @ Opn(—1)
~ A20L,. (1) = Q2.(2).

Nhéc lai, s6 chidu ctia nhém doéi dong didu HY(P?, QL. (d)) duge tinh bdi Cong thiic

Bott nhu sau

)
(d+z_’f) <d;1) néu¢g=0,0<k<n,d>k
1 ntu0<k=g<n

WIP", O (d)) = S

(CENCED néug=n0<k<nd<k-n

0 truong hop con lai.

\

Do do tut cong thiic Bott ta suy ra

RO(P", E*) = hY(P", E*) = 0.
Diéu nay du dé chi ra rang

hO(P", E*) = hY(P", E*) = 0.

Do d6 FE la phan thé vecto don.
Tiép theo ta lay tich tenxo (3.2]) v6i E*, khi d6 day doi dong dieu lien két cho ta
két qua

R(P" E* @ E) = h'(P", E* @ Tpn(—2)).

Cubi cung, lay tich tenxo day Euler véi E*(—1) ta dugc
0 — E*(—2) — E*(—1)20+) 5 B* @ Tpn(—2) — 0,
day doi dong dieu ctia day nay cho ta két qua mong mudn
RY(P" E*(=1)) =0 va h*(P", E*(-2)) = 1.
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Dang thiic cudi c6 thé duge suy ra tit Cong thiic Bott cling v6i thuec té rang
E*(—1)=Q32.(-1), E*(=2)=Q3..
Nhu vay ta da ching minh duge két qua sau.

Dinh 1y 3.1.1 ([45, Dinh ly 4.3.3]). Vdi moi s6 nguyén duong n, ton tai mot phan
tho vecto Ty, khong phan tach duoc hang n — 1 trén khong gian xa dnh P™ vdi

1—2h

) = =y

vdi h la 1dp siéu phdng trong P*. Phan thd vecto T, dudgc goi la phan thd Tango

trén khong gian xa anh P".

3.2 Dinh ly Hirzebruch-Riemann-Roch

Dinh nghia 3.2.1 ([22, Chuong 3|). Cho F la mot phan thé vecto hang r trén da
tap xa anh tron X. Goi ay,...,q; la cic nghiém Chern ctia phan thé vecto E.
Dac trung Chern ctia phan thé vecto E, ky hiéu la ch(F), duge dinh nghia béi

Cha ¥ rang

"L al 1 1 1
(07 ’L_ J—
e —Zon. 1—|—al+2a +6a +24a+
n=

va

B
_ kl k 2k
1_6az =1+ O‘“LZ le s

trong d6 By, 1a s6 Bernoulli théa man quan hé

n—1
Bo=1, Y <Z>Bk — 0.

k=0
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Ap dung Nguyen 1y Ché va cac khai trién tren ta c6 thé bidu dién dic trung
Chern va 16p Todd ctia phan thé vecto E theo cac 16p Chern nhu sau:
1 1
ch(E)=r+c + 5(0? —2¢9) + 6(0? —3c1e2 4+ 3¢3) + - - -

1 1 1 1
td(F) = 1+561+E(C%+02)+ﬂ0162—%(C%—4C%CQ—3C%—6163+C4)—|—- ..

Ménh dé 3.2.1 ([22, Chuong 3]). Cho E va F la hai phan thé vecto. Khi dé
ch(E ® F) = ch(E) - ch(F).
ch(E & F) = ch(E) + ch(F).
td(E® F) =td(E) - td(F).
Ménh dé 3.2.2 ([22, Chuong 3]). Gid stt0 — E' — E — E" — 0 la mot day
khdp ngdin cac phan thé vecto trén X. Khi dé

ch(E) = ch(E') + ch(E").
Ménh dé 3.2.3 ([22, Chuong 3]). Méi lien hé gitta ddc trung Chern va cdc ldp

Chern cua mot phan thd vecto E duge cho boi

1
ch(E) = o det(My),
k>0

trong do ¢ = cx(E) va ma tran My, dugc zdc dinh nhu sau

c1 1 O ... 0
2co c1 1 ... 0
My, =
(k—1)cpq1 cp_o cl—g -+ 1
kcy Ch—1 Ck—9 ... C1

Quy wic det(My) = rank E.

Ménh dé 3.2.4 ([22, Chuong 15]). Méi lien hé gitta ddc trung Chern va l6p Todd
cta mot phan thd vecto E hang r duge cho bdi

T

3 (1) h(NE*) = ¢(E) - td(E)
=0

Cho E 1a phan thé vecto hang r trén da tap xa anh tron X. Nhic lai rang, dic
trung Euler ctia phan thé vecto E, ky hiéu la x(X, E), dudce dinh nghia béi tong
hinh thic

X(X,E) =) (—D)'H(X B,
k

trong dé h*(X; E) 1a s6 chiéu ctia nhom déi dong dicu thit k clia E trén X
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Dinh 1y 3.2.1 (22, Chuong 15)). (Pinh lyj Hirzebruch-Riemann-Roch). Ddc trung
FEuler ciia phan thd vecto E trén da tap xa dnh tron X duogc tinh bdi cong thic

X(X,E) = /X ch(E). td(Tx), (3.5)

trong do [y o la bac cia chu trinh o« trong vanh Chow A(X).

Cong thic cho chiing ta mot phuong phap hieu qua dé tinh dac trung Euler
cua phan thé vecto E trén da tap xa anh tron X theo dac trung Chern ctia E va
16p Todd ctia phan thé tiép xic Tx. Dac biet, trén khong gian xa dnh dic trung
Chern va 16p Todd c6 cau tric rat don gian. Vi thé, cong thiic 13 mot cong

cu thuc sy manh dé thuc hién céc tinh toan trén khong gian xa anh.

3.3 Dac trung Chern cua phan thé Tango

Meénh dé 3.3.1. Cdc ldp Chern ctia phan thd Tango T, trén khong gian za dnh P™

n+k n+k—1 k B
COE G| e

vdi h la 1dp siéu phdng trong P™.

duoc xac dinh bodi

cr(Th) =

Chitng minh. Theo Dinh 1y [3.1.1 16p Chern toan phan ctia phan thé Tango T}, 1a

1—2h

o(Tn) = m

(3.6)
Ta co

=S ()

k>0

Khai trién (3.6]) ta dugc
" /n+k " /n+k
Tp) = h¥ — 2h hk
=3 (") (")

. (nzk)h’“—QZ(nJrk_l)
(n—]:k> —2<anI1>] 3
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Do d6, 16p Chern thit k ctia phan thé Tango dude cho béi ¢ (T),) = ch*, trong d6

k k-1
ck:<”z )—2(”2_1 ) Vi k=12 ..

Ta co6cg=1vac, =0 v6i moi k > n. ]
Menh dé tiép theo cho ta dic trung Chern ctia phan thé Tango.

Meénh dé 3.3.2. Vdi s6 nguyén n > 3, dac trung Chern cia phan thé Tango Ty,

trén khong gian xa anh P" dugc xdc dinh boi

" _ovk _ (1 (n
Ch(Tn):(n—l)—i—Z( 2 (krll) ( +1)hk.
k=1

trong dé h la ldp siéu phang trong P™.

Chitng minh. Dau tién ching ta xac dinh 16p Chern toan phan clia cidc phan thé
dudng thang Opn(—1) va Opn(—2) 1a

(Opn(—1)) = 1 — h, ¢(Opn(—2)) = 1 — 2h.

Khi d6 ching ta c6

c(Opr (~1)) = 3 (~h)F, ch(Opn(~2))

k=0 k=0

=| =

Xét day khép
®(n+1)
0 — Opn(=2) — Op, ' /(—1) — Tpn(—2) — 0, (3.7)
chung ta thu dugc

ch(Tpn(—2)) = (n+ 1) ch(Opn(—1)) — ch(Opn(—2))

n n

SIS %(—h)’c -y %(—%)’“-

k=0 k=0
Tit day khép ta c6 két qua
ch(F) = %n(n + 1) ch(Opn) — ch(Tpn(—2)).
T day khép ta co két qua
ch(E") = ch(E) — (r — n) ch(Opx).
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Vi Opx 12 phan thé tam thuong nén ch(Opn) = rank(Opn) = %n(n —1)—n+1.
T day khép 1) ching ta c6
ch(T,) = ch(E') — ch(Opn)

= (2n — 1) ch(Opn) — ch(Tpn(-2))

"~k — (1) (n
:(n_1>+z< 2) (k!l)( +1)hk.
k=1

3.4 Lép Todd cuia phan thé tiép xtic trén khong
gian xa anh

Dau tién, ching toi trinh bay dinh nghia va dua ra mot s6 tinh chat clia cac s6
Stirling loai mot. Cac s6 nay 1a cau ndi lien két cho cac tinh toan lien quan dén
16p Todd ctia phan thé tiép xic trén khong gian xa anh P" va dic trung Euler cia

phan thé Tango.

Dinh nghia 3.4.1. ([47, Chuong 4]). Cho cic s6 nguyén duong k va n. Cac so
Stirling loai mot, ky hiéu la Z , duoc dinh nghia bdi hé s6 ctia z* trong khai trién
cua

Ry(z)=z(x+1)...(v+n—1)=
k=0

2

n
k

0
Ta quy uée =1.
0

Vi du 3.4.1. Mot s6 gia tri dau tién ciia cic s6 Stirling loai mot dude bdi bang

Sau
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2 n 2 2
Chu y 3.4.1. Cac so Stirling loai mot con ¢6 thé duge dinh nghia la so cach
k

. . . 4 ) .
sap xep n phan tit thanh k xich. Vi dy, c6 tat ca = 11 cach xép 4 phan tit
2

thanh 2 xich, cu thé nhu sau
[1,2,3][4], [1,2,4](3], [1,3,4][2], [2,3,4][1],
[1,3,2][4], [1,4,2][3], [1,4,3][2], [2,4,3][1],
(1,2][3,4], [1,3][2,4], [1,4][2,3].
Tiép theo ta xét mot s6 tinh chat ciia cac sd Stirling loai mot.
B6 dé 3.4.1 ([47, Chuong 4]). Vdin va k la cdc s6 nguyeén dudng, ta co:
n+1 n
k k—1 k

Chiing minh. Ta c6

Ropi(x)=xz(z+1)...(x+n—1)(z+n) =nR,(x) + zR,(z).

£ 2 2 £ s 1N n_l_ 1
Heé s6 cta xF & vé trai 1a

Hé s6 ctia z* trong nR,(z) lan

.
Hé s6 clia z* trong xR, () 1a .

k—1
Bing cach so sanh cac hé sb ctia ¥ ta suy ra diéu phai ching minh. O
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B6 dé 3.4.2 ([47, Chuong 4]). Véin va k la cic s6 nguyén duong, ta co:

n
i =(n-—1)
1

1l e [n+1
zz—'z —n.

Ching minh. ]

i. Ta sé chitng minh bang quy nap theo n. V6i n = 1, theo dinh nghia ta c6

=1=0.L
1

Gia st két qua ding véi s6 nguyéen duong n. Khi d6, tir gid thiét quy nap ta
suy ra
n+1 n

n n
= +n =0+n =n.(n— 1) =nl
1 0 1 1

Do d6 ta c6 dieu phai chitng minh.
ii. Xét da thic R, (z) nhu trong dinh nghia cac s6 Stirling. Ta ¢6 R,41(1) = (n+1)!,

két hop véi (i) va dinh nghia cac s6 Stirling ta suy ra

n

(n—i—l)!:z ntl

o [FT1

T do suy ra

n
n+1
=m+ D! —nl=nl(n+1) —nl=nln.

Vay dang thitc thit hai duge ching minh.

Dinh nghia 3.4.2. ([47, Chuong 4]). Cho k la mot sd nguyen khong am, da thiic
Stirling, ky hiéu béi S, (z), duge xac dinh béi ham mu

t O\ & tk
(=) -Ysep
k=0
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Vi du 3.4.2. Da thtc Stirling
So(x) =1,
$i(a) = 5(r+ 1),
So(x) = 1—12(3x2 + 5x 4 2).
Két qua sau day cho ta moi lien heé gitta da thic Stirling va cac s6 Stirling loai mot.

B6 dé 3.4.3 ([47, Chuong 4]). Cho k va n la cdc s6 nguyén duong. Khi do

n n+1
Sr(n) =
(k) (m) n—k+1

o (n n!
trong dO </§) = m

Meénh dé 3.4.1. Ldp Todd ciia phan thd tiép zic trén P la

I A Kk
k=0
trong dé h la ldp siéu phdng trong P™.
Chitng minh. Xét day khép Euler trén P"
0 — Opn — Opn (1)) 5 T35, — 0,

trong d6 Tp- 12 phan thé tiép xuc ctia P Ta ¢6 ¢(Opn) = 14+ 0h = 1 va ¢(Opn(1)) =
14 h. Tu do suy ra

C(OPn(l)EB(n—H)) _ C(Opn(l))n+1 _ (1 + h)n—i—l.

Ap dung menh dé (1.2.4) vao day khép Euler, ta c6

c((’)pn(l)@(”ﬂ))
c(Opr)

c(Tpn) = = (1+n)".

Diéu nay chiing té ring Tpe vi Ope (1)) ¢6 cting céc 16p Chern va do d6
chiing ¢6 ciing 16p Todd. Vi cac nghiém Chern ctia phan thé Op. (1)2+) 1a n + 1

lan h nén ta co

n+1 n
td(Tpn) = td(Opn (1))"H! = ( h ) = ZSk(n)Z—I;.
k=0

1—eh
Vay ménh dé dugde chitng minh xong. O
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3.5 Dac trung Euler cua phan thé Tango trén
khoéng gian xa anh

Dinh 1y 3.5.1. Cho E la mdt phan thd vecto trén khong gian xa anh P™. Khi do
dac trung Euler cua phan thd E la

x(P" E) = rank(E

n+1
n,Z

dm:ﬂﬂ)
1 |k+1
trong do My la ma tran dugc xac dinh nhu trong Ménh de

Chitng minh. Ap dung Dinh 1y Hirzebruch-Riemann-Roch cho phan thé vectos E
trén P" ta dudce

hn+1
/Zk, det(Mj).

(1—e~ )”+1
k>0

Theo Dinh nghia m ta c6 thé khai trién biéu thtic tinh td(7p-) thanh da thiic
theo bién h nhu sau

hn+1

(1= e hyntt Z lek

Do d6, ta chi can tim hé s6 ctia A" trong khal trien clia

det (M)
kZ::Oe Y Zklsk
n

Hé s6 ctia h" trong khai trién ctia tich trén dugc xac dinh béi

det(ﬂ4k)

k! (n—k)! n‘zkz'n—

o
Il
o

—k(n) det(My)

n,z() ami(n det(Mw—;

= rank

+1
n.Z .

Déng thic thit ba duge suy ra tit Ménh dé [3.4.3, ddng thic thit tu duge suy ra tit
Meénh dé (i).

]
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Ap dung Dinh 1y [3.5.1, Ménh dé¢|3.3.2{ vd Ménh dé |3.4.1| ta thu dugc két qua cho
dic trung Euler ciia phan thé Tango.

Dinh 1y 3.5.2. Dac trung Fuler cia phan thé Tango T, trén khong gian xa dnh
P™ la 2n — 1.

Chatng minh. Vi phan thé Tango T}, trén khong gian xa anh P" c¢6 hang bang n — 1
nén tu Dinh 1y ta suy ra

+1
XELT) = (n—1)+ =3 || det(My).
g1

Vi cac hé s6 clia cAdc ma tran M, 1a cac 16p Chern ctia phan thé Tango Tj, trén
khong gian xa anh P" nén tit Ménh dé va Ménh dé ta suy ra

det(M,) = (=2)F — (=1)¥(n +1).
Theo dinh nghia ctia s6 Stirling ta c6

Rz +1)=z(z+1)(z+2)...(x +n)

n+1
n+1
S
k=0 [ k ]
T -
n+1
_ sy
=0 _k—l—l_
Vi vay
n
n+1
R(z+1)= ",
T do6 suy ra
"\ n+1| n+1
¥ =R(x+1)— =R(z+1) —nl
—~ k41 1
Vi R(—1) = R(0) = 0, nén ching ta c6
n n n
n+1 n+1 n+1
pr=)_ (—2)F = (n+1) ~1)*
i |kt k41 k41
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Do do6
nin
XP"Th)=n—-1)+—=Mn-1)+n=2n-1
n!

]

Tiép theo, ta sé 4p dung Dinh 1y dé tinh dac trung Euler ctia phan thé

Tango trén khong gian xa anh P" v6i mot vai gia tri cia n.

Vi du 3.5.1. Ta sé tinh déc trung Euler ctia phan thé Tango trén khong gian xa
dnh P3. Hang ctia phan thé nay 14 2. Ta c6

c1 = 2, co = 2, c3 =0,
det(Ml) =2, det(MQ) =0, det(M3) = —4.

T do suy ra

1
=24 (211406 - 4.1)
= 9.
Vi du 3.5.2. Ta sé tinh dac trung Euler ctia phan thé Tango trén khong gian xa
anh P*. Hang ctia phan thé nay 1a 3. Ta c6

c1 =3, co = b, c3 = b, cqy = 0.
det(Ml) =3, det(MQ) =—1, det(Mg) = -3, det(M4) =11.

T do suy ra

(P4, F) 34 2 3]° ° 35+11
X ) - aA - -
24 2 3 4 5
1
:3+ﬂ(3.50—35—3.10+11.1)
=7.
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Chuong 4

Bac dai s6 trong quy hoach

nua xac dinh

Quy hoach nita xac dinh 14 mot bai toan quan trong cua Quy hoach toan hoc
bat dau tit nam 1990. Bai todn nay c6 ting dung rat da dang trong Toi wu 16i, Ly
thuyét diéu khién va T6i uu héa t6 hop. Bt dau tit méi lien hé gitta bac dai so trong
quy hoach ntta xac dinh véi s6 giao clia cac 16p dic trung trén da tap Grassmann
duge dua ra béi von Bothmer-Ranestad [11]. Stt dung cac két qua lien quan dén
dong nhat thitc trén da thic déi xing kép va ki thuat xit 1y s6 giao clia cac 16p
dic trung trén da tap Grassmann duge dua ra béi Hiep [33], ching t6i dua ra mot
diic trung t6 hop cho bac dai sb6 trong quy hoach nita xac dinh.

Trong chuong nay, ching toi trinh bay céc két qua chinh ctia bai bao [37]. Cu
thé hon, ching t6i dua ra mot dic trung t6 hgp cho bac dai sb6 trong quy hoach nita
xac dinh thong qua hé s6 clia mot don thic trong khai trién ctia mot da thitc déi
xting kép. Dong thoi, sit dung dic trung nay két hop véi cac két qua duge ching
toi chi ra ctia 16p cac da thitc dbi xing, ching toi ching minh lai nhitng két qua
dugce chi ra bdi Nie-Ranestad-Sturmfels trong [44] theo mot cach don gian hon.

4.1 Bac dai s6 trong quy hoach nita xac dinh
Ching ta ky hieu S” 13 khong gian vecto (”;rl)—chiéu clia cac ma tran doi xing
cap n trén truong s6 thyc R va QS" khi cac phan ti clia cAdc ma tran doi xitng cap

n thudc truong cic so6 hitu ti Q.
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Dinh nghia 4.1.1 ([44]). Ma tran X € S" dugc goi 1a ma tran do6i xing nita xéc
dinh duong, ky hieu 1a X > 0, néu v” Xu > 0, véi moi v € R®. Ma tran X € S"
dugc goi 1a ma tran déi xiing xac dinh duong, ky hiéu 1a X > 0, néu v’ Xu > 0, v6i
moi u € R™\{0}.

Dinh nghia 4.1.2 ([44]). Cho hai ma tran C, X € S". Tich vo huéng cia C va X,
ky hiéu bdéi C e X, duge dinh nghia bdi:

CeX = Trace(C . X) = chjxij.

Vi du 4.1.1. Cho hai ma tran déi xiing

1 2 3 T11 T12 13
C=12 9 0| vaX= |29 x99 w93
3 0 7 T31 T32 T33

Khi do, ta co:
C e X :=ux11 +2x12 + 3213 + 2291 + 9222 + 0223 + 3731 + 0232 + Tw'33

=211 +4x12 + 6213 + 9990 + Tx33.

Bai toan 4.1.1 ([44]). Quy hoach nita zdc dinh la mét bai todn toi wu cé dang:

min C' e X, (4.1)
XeSn
vdi cac rang budc
Ao X =b;,Vi=1,...,m; (4.2)
X =0 (4.3)

trong do C, Ay,..., Ay € QS™, by,..., by € Q.

Rang buoce (4.2) va (4.3) ducc goi la théa man chit, néu ton tai ma tran déi
xiing X > 0 sao cho
AiOX:bi,Vi: 1,...,m.

Vidu 4.1.2. V6in = 4, m = 3, cho cac ma tran ddi xing:

0O -1 0 0 o -1 -1 -1 -1 0 0 -1

-1 1 0 0 -1 0 -1 -1 0 0O -1 0
A = ; Ao = ; Ao =

0 0 01 -1 -1 -1 0 O -1 0 -1

0 0O 1 0 -1 -1 0 0 -1 0 -1 1
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r11 T12 13 T4
21 X22 X223 T24
X = b1 =100 = 1,03 = 1.

0
0
1 T3l T32 X33 T34
0

_ o O O

0
1
0
0

o o O =

T4l T42 T43 T44;

Quy hoach nita x4c dinh dugc phat biéu dusi dang:
min(z11 + 22 + 33 + 44),

véi cac rang budc
(
—2T192 + x99 — 2234 = 1,
—2x12 — 2713 — 2714 — 2w93 — 2794 — 133 = 1,

—x11 — 2014 — 2x93 — 2034 + T44 = 1,

X >=0.
\

Bai toan 4.1.2. Déi ngau cta quy hoach nita xdc dinh la bai todn duge phdt biéu

nhu saw: .
Vi 4.4
max > biti (4.4)
=1
vdi rang buodc
m
Aly) =C = yidi = 0. (4.5)
i=1

Rang buoce (4.5) duge goi 1a thda man chit, néu ton tai y € R™ sao cho
m
Aly) =C =) yiAi = 0.
i=1
Vi du 4.1.3. Bai toan d6i ngau ctia quy hoach nita xac dinh 6 Vi du la:

max (y1 + Y2 + ¥3),
véi rang budc
I+tys vit+y2 y2  y2+ys
ity l—wyi y2—ys 2
v2 Y2—y3 l+ys yi+y3
y2+y3  y2 yitys 1—us

> 0.

Diéu kién tdi wu ctia quy hoach nita xac dinh va déi ngau clia n6é duge chi ra

trong Dinh Iy sau:
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Dinh ly 4.1.1 (|53, Muc 3] hoac [55, Chuong 4]). Gid st quy hoach nia xdc dinh
va déi ngéu clia né théa man chat. Khi dé, ton tai phuong dn téi wu X € S™ va

g € R™ théa man cac dieu kién sau:

Ao X =b,Vi=1,2,...,m, (4.6)
A()) = 0 va X = 0. (4.8)

Bay gio ching ta gia st cac dit lieu C, Ay, ..., A, b 1a tong quat trén truong Q.
Trong thuc té, ching ta c6 thé chon cac phan tit clia cidc ma tran nay la cac sb
nguyen tity ¥ va tinh phuong an t6i wu X va § tit cac dit lieu d6 bing phuong phap
diém noi. Nhung theo phuong phap dai s6, chiing ta c6 thé dua trén cac dicu kien
, , dé x4c dinh cac phuong an téi wu X va §. Cu thé, ching ta thanh
lap mot hé cac phuong trinh da thic dua cac dieu kien , , va giai he
phuong trinh nay bang cach sit dung cac tinh toan hinh thic, két qua thu dugc la
cac bidu dién chinh xéc clia cac phuong an t6i wu X va §. Ching ta sé minh hoa

cach tiép can nay bang Vi du sau day.

Vi du 4.1.4 ([44, Vi du 4]). Xét bai toan quy hoach nita xac dinh trong Vi du
4.1.5l
max (y1 + y2 + ¥3),

v6i rang budc

l+ys yi+y2  y2  y2+uys

ity 1=y y2—ys 2

v2 Y2—ys l4+y2 n1+ys
Y2+y3 Y2 nitys 1-uys

= 0.

St dung phan mém SeDuMi [50], chiing ta dé dang tim duge phuong an t6i wu
(71, 92,93) = (0.3377...,0.5724...,0.3254 . . .).

PN N . ~ N + 2 A A N
Dieu ma ching ta quan tam la hieu ban chat ctia ba con so nay.

Dua vao diéu kien (4.6)), ching ta ¢6 hé phuong trinh da thitc

—2x19 + T22 — 2734 = 1,
—2x12 — 2213 — 2714 — 2293 — 2794 — 33 = 1, (4.9)

—x11 — 2014 — 2293 — 2034 + 144 = 1.
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Dua vao dicu kien (4.7)), ching ta c6 16 phuong trinh sau

(

(1+y3)z11 + (y1 + y2)x21 + yoxs1 + (Y2 + y3)za1 =0
(14+y3)x12 + (y1 + y2)x22 + yoxs2 + (Y2 + y3)z42 =0
(1+y3)z13 + (y1 + y2)x23 + yow33 + (y2 + y3)xa3 = 0

(4.10)
14+ y3)x1a + (y1 + y2)r24 + yox3a + (Y2 + y3)xaa = 0

(y2 + y3)z14 + Y224 + yox3s + (Y1 + y3)xaa =0

\

Hai hé phuong trinh va tao thanh hé gom 19 phuong trinh da thitc
v6i 13 bién y1, y2, y3, T11, 12, . - -, Z44. ST dung cac phuong phap tinh toan hinh thiic
(chang han nhu, co sd Grobner trong Macaulay 2 trong [23]), chiing ta chi ring
cac phuong trinh nay c6 hitu han cac nghiém phtic. S6 cac nghiém la 26. That vay,
bang cach khit cac bién, ching ta phat hién ra rang méi toa do y; hodc z;;, thoa
man mot phuong trinh mot bién bac 26. Dic biét, da thitc mot bién nay khong bat
kha quy nhung céc nhan tit ctia chiing lai bat kha quy. Chéng han nhu, phuong an
1 thoa man da thiic mot bién f(y1) c¢6 hai nhan tit 1a da thic g(y;) bac 16 va da
thitc h(y;) bac 10, do la

fly1) = g(y1) - h(y),

trong do
g(y1) = 403538653715069011y16 — 2480774864948860304y1°
+6231483282173647552y1* — 5986611777955575152y13+
+ ... +59396088648011456y% — 4451473629111296y; + 149571632340416
va

h(y1) = 2018y1° — 12156y + 1781145 + ... + 1669y, — 163.

C4 hai da thic g(y1) va h(y;) déu bat kha quy trén Q(y1).

Thé gia tri t6i wu g1 = 0,3377... vao g(y1) ta thay rang §; théa man g(y;) = 0.
Vi vay, 91 1a mot s6 dai s6 c6 bac bang 16 tren Q. Dieu tuong ty cling xay ra véi
cac gia tri ti uu g; va 2 khac. Chung ta két luan raing bac dai so trong quy hoach

ntia xac dinh nay bang 16. Chu y rdng ma tran A((y) c6 hang bang 3 va ma tran

X ¢6 hang bing 1.
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Bay gio ching ta c6 thé thay doi dit lieu dau vao va thuc hién phan tich tham
s6. Vi dy, néu ham muc tiéu duge thay doi thanh y; —yo thi bac dai s6 1a 10 va céc
hang cila cac ma tran téi vu déu la 2.

Ta thay, khi cho m = 3,n = 4 theo [44] néu cac dit lieu C, b, A; 1a tong quat, bac
dai s6 ctia quy hoach nita x4c dinh nay 13 16 khi ma tran t6i vu Y = A(y) c6 hang
bing 3, bac dai s6 1a 10 khi ma tran t6i uu Y = A(§) ¢6 hang bang 2 va khi ma
tran t6i wu Y = A(j) c6 hang bing hang 1 hoiic 4 thi phuong an téi uu khong ton

tal.

V6i m, n Tat 16n, viéc giai cac phuong trinh - khong dé dang. Tuy nhién
ching ta biét rang céc toa do ¢; vd 2, clia phuong an t6i uu la cac nghiém cta
cac da thiic mot bién bat kha quy tréen Q. Néu dit licu 1a tong quat thi bac cla
cac da thitc nay chi phu thuoc vao hang r ctia phuong an téi vu. Bac nay dude goi
1a bac dai so trong quy hoach nita xac dinh va doi ngau ciia né, ky hiéu 1a
d(m,n,r).

Trong pham vi ctia luan an nay, ta xem phuong an tdéi uu ctia quy hoach nita
xac dinh luon ton tai va muc tiéu 1a xac dinh cong thitc tinh bac dai s6 §(m,n,r).

Cha y rang, bac dai s6 6(m,n,r) trong quy hoach nita xac dinh duge dinh nghia

t6t néu bo ba s6 (m,n,r) théa man bat ding thitc Pataki sau:

Dinh 1y 4.1.2 ([44, Menh dé 5]). (Bat dang thic Pataki). Cho v va n —r lan lugt

la hang clia cac ma tran toi wu A()) va X. Khi dé, ta co:
n—r-+1 n—+1 r+1
< < — .
(7)== (2 ()
4.2 Bac dai so trong quy hoach nitta xac dinh
thong qua bac cia da tap doi ngau

Nie-Ranestad-Sturmfels trong [44] da ching minh bac dai s6 6(m,n,r) trong
quy hoach ntta x4dc dinh bang bac clia da tap doi ngadu bang phuong phéap cia
hinh hoc dai s6 phitc. Trong phan nay, chting toi sé trinh bay lai cac két qua cia
Nie-Ranestad-Sturmfels ma khong ching minh chi tiét.

ChoU = {C, Ay, As, -, Ay} 1a mot khong gian con tuyén tinh sinh béi he m+1
ma tran doi xting thuoc S”. Ta ki hieu Dj, la da tap dinh thtc cia cc ma tran doi

xting hang khong 16n hon r trong khong gian xa anh P(U/) tuong tng.
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Dinh 1y 4.2.1 ([44, Dinh ly 13]). Da tap doi ngau (Dj,)* la mot siéu mat néu va
chi néu bat ding thic Pataki théa man va trong truong hop nay bac dai s6 trong

quy hoach nita xdc dinh bing bic ciia siéu mdt (Dyy)*:
d(m,n,r) =deg(Dj)".
Dic biet, nghién cttu ctia ho da dua ra mot s6 cong thitc tudng minh ctia bac dai
s6 d(m,n,r) véi cac gia tri dac biét khac nhau ctia m,n,r.

Ménh dé 4.2.1 ([44, Menh de 9]). Bac dai so trong quy hoach nita xdc dinh théa

man quan hé doi ngau

n+1
d(m,n,r) =29 (( 5 > —m,n,n—r).

Dinh 1y 4.2.2 ([44, Dinh 1y 11]). Vdi cdc gid trim,n,r ddc biét, bac dai so 6(m,n,r)
trong quy hoach nia xac dinh duge cho bdi cac cong thic sau:
i. Neur=n—1th
d(m,n,n—1) = 2m_1(;;).
i. Néur=mn—2 th
é(3,n,n—2) = (”‘?':1),
(4,n,n—2) = 6(”11),
§(5,n,n —2) = 27(”;1) - 3(”11).
ii. Neur =n—3va6<m<9 th
5(6,n,n —3) = 2("{%) + ("),
8(7,n,n —3) =28("+%) — 12("¢?),
5(8,n,m —3) = 248("3") — 320("F°) +84("57),
5(9,n,n —3) = 1794("5°) — 3778(" 5 ) + +2436("17) — 448(" ).

4.3 Bac dai sé trong quy hoach ntta xac dinh nhu

sO giao trén da tap Grassmann

Béing ngon ngit clia ly thuyét giao, von Bothmer-Ranestad [11] da chi ra ring

bac dai s6 trong quy hoach nita xac dinh c6 thé tinh nhu s6 giao ciia cac 16p dac
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trung trén da tap Grassmann. Trong phan nay, chiing to6i trinh bay lai cac két qua
clia von Bothmer-Ranestad ma khong chiing minh chi tiét.

Véi bo ba s6 (m, n,r) thoa man bat dang thitc Pataki , dé thuan tien trong
viéc trinh bay cong thic ta dat:

B n—r+1 S o n+1 r+1
u=m 5 va v = 5 m 5 .

Dinh 1y 4.3.1 ([I1, Ménh dé 4.1]). Bdc dai s6 6(m,n,r) trong quy hoach nia zdc

dinh duogc xac dinh bdi cong thic sau:
d(m,n,r) = / su(Sym? Q)s,(Sym? S*), (4.11)
G(rn)

trong dé S va Q lan luot la phan thd con phé dung va phan thd thuong pho dung
trén da tap Grassmann G(r,n), Sym*Q va Sym>S* lan lugt la liy thita doi zing thit
hai ciia Q va clia doi ngau S*, s;(E) la ldp Segre thit i ciia phdan thd vecto E.
Biang cach st dung cac két qua co ban clia ham Schur, von Bothmer-Ranestad
trong [11] da chi ra cong thitc tong quéat cho bac dai sé trong quy hoach nita xac

dinh duéi dang tong ctia cac ham theo cac diy con cta tap {1,...,n}.
Dat

i, (it =2)
v =2 71/1@,]—2 I khll<]7

k=i

) Pf($ii)1<scp<, nCUT chin

e Pf(Wi, i, )o<s<t<r néU r 1é
trong do6 i, i, = ¥;, va Pf ky hiéu la Pfaffian clia ma tran phén doi xing.
Dinh 1y 4.3.2 ([11, Dinh Iy 1.1]). Bdc dai $6 d(m,n,r) trong quy hoach nia zdc
dinh duogc xac dinh bdi cong thic sau:

5(m>n>r) = wawf%
I
trong do tong trén chay trén khdp cdc ddy con ting ngat I = {i1,... in_,} clia
{1,...,n} vdi chiéu dain —r, i1 +...+ipp=mva I°={1,...,n}\ L.
Vidu 4.3.1 (11, Vi du 4.2]). Tinh §(m,n,r) khi n = 5.

I 12345
Yy 1 2 4 8 16
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Ir 1,2 1,3 1,4 1,5 2,3 2,4 2,5 3,4 3,5 4,5
vy 1 3 7T 15 3 10 25 10 35 35

I 1,23 1,2,4 1,25 1,3,4 1,3,5 1,4,5 2,3,4 2,3,5 2,4,5 3,4,5
w1 4 11 6 23 27 4 18 30 20

I 1,2,3,4 1,2,3,5 1,2,4,5 1,3,4,5 2,3,4,5
o1 5 10 10 5

Vi vay, chiing ta c6:
6(1,5,4) = Y12 345 = 5,

6(2,5,4) = otp1 345 = 20,

6(3,5,4) = ¥3tp1245 = 40,

6(4,5,4) = Ygip1235 = 40,

6(5,5,4) = 511234 = 16,

6(4,5,3) = V130245 = 90,

6(5,5,3) = P14t0235 + Yosth1as =T 18 +2- 27 = 207,
6(6,5,3) = V150234 + 24135 = 154+ 10 - 23 = 290,
6(7,5,3) = Yo s5t1.34 + V3atb125 =256+ 10 - 11 = 260,
5(8,5,3) = 35104 = 140;  5(9,5,3) = Yy 50123 = 35.

4.4 Bac dai s6 trong quy hoach nita xac dinh

Tu két qua ctia von Bothmer-Ranestad, bang cach st dung cac dong nhat thic
lien quan dén da thic d6i xting kép va k¥ thuat dia phuong héa trong 1y thuyét
giao ding bién, mot cong thiic khac tinh bac dai s6 trong quy hoach ntta xéc dinh
duge chi ra béi Hiep [32]. Trong phan nay, ching toi trinh bay lai két qua ctia Hiep
[32] va chiing minh chi tiét, vi phuong phap chiing minh ctia két qui nay duge ap
dung & phan sau.

V6i bo ba s6 (m,n, ) thoa man bat ddng thic Pataki (4.1.2), dé thuan tien trong
viéc trinh bay cong thic ta dat:

n—r+1 . n+1 r+1
u=m — va v = —m — .
2 2 2

Trén vanh da thitc Q[\q, ..., Ay, v6i moi tap con I chita r phan tit ctia tap {1,...,n},

ching ta dinh nghia:
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61(/\[) 62(/\[) 63(/\[) GU(A])
1 61(/\]) 62(/\]) N ev_l(A])
AU’] = det 0 1 €1 (A]) c. ev_g(A]) X
\ 0 0 0 ‘e 61(/\[)
VXV

trong d6 e;(As) la da thiic déi xiing co ban thit i theo ("}') bién la cac phan tit clia
tap

Ar = {)\i-i-)\j | i,7 E],iéj},
va

T =TT =2

il j¢I
Cha y rang Ag; =1 v6i moi 1.
Dinh 1y 4.4.1 ([32, Dinh 1y 1]). Bac dai s6 6(m,n,r) trong quy hoach nia zdc dinh
dugc xdac dinh bdi cong thic sau:
Ay 1A
d(m,n,r)=(-1)" Z %, (4.12)

I
trong dé tong trén chay trén khdp cdc day con I tang ngat chita v phan ti cia
{1,....n}, I°={1,...,n} \ L.

Chiing minh. Xét tac dong ctia xuyén T = (C*)" len C" dugc cho bdi cong thitc

theo cac toa do
(a1,...,an)  (x1,...,2p) = (@121, ..., ApTy).

Diéu nay cam sinh mot tac dong xuyén 7' lén da tap Grassmann G(r,n) v6i (7;)
diém c6 dinh co lap L; tuong tng véi (:f) phang toa do r—chiéu trong C".

Ap dung cong thic Atiyah-Bott- Berline-Vergne ') vao cong thic tinh bac
dai s6 (4.11)) ctia von Bothmer-Ranestad, ta c6

T 2 T 2 ox
d(m,n,r) = Z Sy (Sym Q|L16)jv (Sym*S*|r;)
I

)

I

trong d6 tong trén chay trén khap cac ddy con I chita r phan ti ctia {1,...,n}.
Tai mdi Ly, tac dong xuyén trén cac phan thé S|z, va Q|r, c6 dic trung lan lugt

1a p; v6i i € I va p; voi j € I°. VI phan thé tiép xtc trén da tap Grassmann déng
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cau véi S* ® Q nén cac dic trung clia tdc dong xuyén trén khong gian tiép xic tai
L la
(= pilicl ey

Lép T-Euler ddng bién ctia phan thé tiép xic tai Ly 1

€L, = HH()\] — )\z) = T[.

i€l j¢1

Vi céac dic trung clia tac dong xuyén trén S*|z, 1a —p; v6i i € I nén tac dong xuyén
trén Sym28*|LI c6 cac dac trung la

{—(pi+pj)1<i<j<r}.

Vi vay ¢! (Sym? 8*|1,) la da thiic d6i xiing co ban theo ("3') bién, véi bién la céc
phan ti clia tap
{-Ni+N)|1<i<ji<r}.

Nghia 13, ¢! (Sym? S*|,) = (—1)e;(A;) v6i moi i. Vi vay

C{(Sym2 S*’Ll) Cg(Symz S*|L1) s cf(Sme S*|L1)
1 (Sym? S*|r,) ... cp_1T(Sym®S*|L,)
sT(Sym? 8*|1,) = det 0 1 . cpoT(Sym2S*|L,)
0 0 .l (Sym®S*|p,)
61(/\[) 62(/\]) €U(A])
1 61(/\]) evfl(/\[)
= (—1)”det 0 1 .. GU,Q(A[) = (—1)1}14,07[.
0 0 el(A[) oo

Tuong ty, vi cdc dac trung cia tdc dong xuyén trén Q|z, 1a p; v6i moi i € I¢ nén

tac dong xuyén tren Sym? Q|r, ¢ cac dic trung la

{(pi+p))|1<i<j<r}.

Vi vay, ¢f (Sym? Q|z,) 1a da thiic déi xiing co ban theo ("75*') bién, vdi céc bién

13 cac phan ti clia tap
Ape={N+ ) |i,jel%i<j}.
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Nghia 13, ¢/ (Sym?S*|1,,) = ei(Aze) v6i moi 4. Vi vay

ol (Sym®Qlr,) cf(Sym*Qlr,) ...  cL(Sym®Q|,)
1 C{(Sym2 Qlr,) ... cu1’ Sym? Qlr,)
sT(Sym? 8*|1,) = det 0 1 . cuoT(Sym? Q|r,)
0 0 . (sym* QL)
UXU
61(A]c) GQ(A]c) eu(A]c)
1 61(A]c) eu_l(A[c)
= det O 1 ‘e eu_Q(A]c) == A’U,,[C‘
0 0 cooer(Age) e
Nhu vay ta c6 duge két qua mong doi. O

Vé phai ciia cong thite (4.12)) 14 mot ham phan thitc d6i xting va né 1a mot ham

hing, hon nita n6 1a mot s6 nguyen.

4.5 Dong nhat thic lién quan dén da thic doi
xung kép
Trong phan nay, ching toi dé cap dén mot dong nhat thic lien quan dén da thrc
d6i xiing kép duge chi ra bdi Hiep [33], vi sy can thiét ctia két qua nay trong chiing
minh & phan sau.
Dé thuan tién cho phan trinh bay cong thiic, ta sé stt dung ky hiéu [n] thay cho

tap {1,...,n}. V6i moi tap con I = {iy,...,i,} C [n] thi dat A\f = (N\iy,..., \i,) V&
I¢ = [n]\I.

Dinh ly 4.5.1 ([33, Dinh 1y 1.2})). Cho
P(z1, ..., xr Y1y Yn—r) € Qlz1, .. 2, Y1, -+, Yn—r]

la mot da thite doi ming kép cé bac khong lon hon r(n —r). Khi dé

P(AI,)\IC) _d(r,n)
2 T

IC[n)#1I=r ier jere(Ai — Aj) rl(n— )’
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trong dé d(r,n) la hé so cia don thic x]~ L. -x?’_ly? -y~ trong khai trién cia
da thic
n—k r
P(xi,...,%r Y1,y Yn—r) l—[(a:Z — xj) I—I(yZ —yj) H 1_[(3/Z —xj).
j#i j#i i=1 j=1

Trong [33], két qué ctia Dinh ly dugc trinh bay nhung phan ching minh da

bi bd qua vi tac gia cho rang ching minh ctia dinh 1y nay sé dugce thuc hién tuong

tut nhu cach ching minh ctia Dinh 1y [2.3.1] 0 day, ching to6i chitng minh Dinh ly

nay bang cach st dung mot lap luan hieéu qua dudc lay cdm hing tit két qua cia
Don Zagier trong [25, Ménh dé A.1] hoac [35, Bo dé 2].
Dé chitng minh Dinh 1y 4.5.1], dau tien ta chitng minh Bo6 dé sau.

B6 dé 4.5.1. Cho Qq(z),...,Qn(z) lan lugt la cic da thiic ¢ bac tuong tng la
di +1,...,d, + 1 vdi hé s6 cao nhat bang 1 va cé cdc nghiém phan biét. Lay
F(z1,...,Zm,Y1, - Ynr) € Q[z1,..., 20, Y1, Yn_r] la mot da thiic theo n bién
vdi bac khong lon hon dy + --- + d,,. Khi do, biéu thic

Z (alv 7an) (413)

! 0
01 ()= @1(01) -~ Qo)

la doc lap vdi cac da thic Q; va bing vdi hé s6 cia don thitc a:‘li i yf”l = -yg"_T
trong F(T1,...,Zr, Y1, - Yn—r)-
Chatng minh. Do tinh chat tuyén tinh, ching ta chi can xét don thic

__ a1 ar41 a
F(zy,...,20, 91, Yn—r) = 27" - - 277y Y

trong d6 ay + -+ ap < dy + - - - + d,,. Biéu thiic (4.13]) dugc phan tich nhu sau

(£ ) (F )

Q1(on)

V6i moi i € [n], gid st rang Y0, Vi1, - - -, Vg, 12 d; + 1 nghiem phan biét cia Q;(z),
khi do6

Qi(a;)=0 @ila

Ap dung cong thiic noi suy Lagrange cho x% tai 70, 7vi1,- - -, Vid;, t& co

d;
Hk7éj Yijg — %k)
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Tw do suy ra

S 0 o o<a<a,
= = hé so cua 2% =

Vi vay, néu a; = d; v6i moi 4 thi biéu thic trén sé bang 1, trong cac trudng hop con

lai thi biéu thic trén bing 0. Nhu vay B6 dé da dugce ching minh. O

Chi § 4.5.1. Nhu da trinh bay & Muc[2.3] ching t6i s& cung cAp them mot chiing
minh khac cho Dinh ly bing cach st dung két qui ctia B dé |4.5.1) cu thé
nhu sau:

Ap dung B6 dé |4.5.1| cho cac da thiic sau day

F(z1,...,25) = P(x1, ..., x1) H(l‘z — ),

7]
Qi(z) =+ = Qk(z) = Qz) = ﬁ(ff? = Ai).
i=1
That vay, ta ¢d A1, ..., A\, la n nghiém phan biét cia Q(z) va dao ham
Q'(z) = z”: [T =)

i=1 j#i
Suy ra
Q') ==\
J#
V6i mdi tap I = {i1,...,ix}, ta c6 F(A\;) = 0 néu c6 is = iy v6i s # t. Vi F 1a da
thiic d6i xing, nén biéu thiic (4.13) tré thanh

F(A\r)
% . (4.14)
Ic[%;m:k H (Ai —Aj)

i€l j#i

V6i moi I C [n], ta co
FO) =P [ i=x),
ijel ji

va

IT == 11 =2 II =)

i€l j#i iel jele ijel ji
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Do vay, biéu thiic (4.14) tré thanh

P(Ar)
k! . (4.15)
Ic%:ﬂ:k T x=x)

il jel*

Bo6 dé chi ra riang biéu thiic (4.15)) chinh 1a hé s6 ctia don thic x’f‘l . -xz_l

trong da thic

P(xy,...,xx) H(mz —xj).
i#]

Chang minh Dinh lj|{.5.1. Ap dung B8 dé [4.5.1| cho cac da thiic sau

F(.ﬁEl, e Ty Y1y - ayn—r) = P(Z’l, e Ty Y1, - 7yn—7‘) H(ml_x]) H(yl_y]) H H(yl_l'j)
ji ji i=1 j=1
va "
Qi) = = Qu(x) = Qz) = [ J(= — M.
=1

Theo gid thiét, F(zy,...

Ty YLy - - Yn—r) la mOt da thic c¢6 bac khong 16n hon

n(n —1) va Q(x) 1a mot don thitc bac n v6i n nghiém phan biét A ..., \,. Trong
truong hop nay, biéu thiic ([4.13]) c6 thé rat gon nhu sau

F()\], )\]c)
ri(n —r)! p (4.16)
Z#[ THZ 1Q( )

V6i moi I C [n],#I = r, ching ta c6

FOuAr) =POnAe) [ Gi=2) [T =2 T Gi=M)

ijel j#i ijele j#i ielejel

= P\, A\fe) H (A —Aj) H (Ai = Aj)-

va

ijel j#i i€l j#i

JF

= I ;=2 JT 2=

icl,j#i icle i

= JI qa=x) I Qa=x) ] Qi=2).

icl jele ijel j#i iele j#i

Khi d6 biéu thitc ([4.16)) c6 thé viét nhu sau

P()\[, )\[c)
ri(n —r)!
Z Hzel,gelc( - )
IC[n],#I=r
Nhu vay ta c6 diéu phai chiing minh. O
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4.6 Mot dic trung mdéi cho bac dai s6 trong quy
hoach ntra xac dinh

Bat dau tir moi lien hé clia bac dai sd trong quy hoach nita xac dinh véi s6 giao
cua cac 16p dac trung trén da tap Grassmann dua ra bdi von Bothmer-Ranestad
[TT]. St dung két qua vé bac dai sé duge chi ra béi Hiep trong [32] cuing véi két qua
ctia dong nhat thic lien quan dén da thitc doi xting kép [33], ching toi dua ra mot
diic trung to hop cho bac dai s6 trong quy hoach ntta duéi dang hé s6 ctia mot don
thitc dac biet trong khai trién ctia mot da thic doi xiing kép.

Véi bo ba s6 (m, n,r) thoa man bat dang thitc Pataki , dé thuan tien trong
viéc trinh bay cong thic ta dat:

n—r—+1\ n+1 r+1
u=m — va v = —m — .
2 2 2

Trén vanh da thic Q[z1,...,2r,91,...,Yn_r] v6i n bién. Ching ta xét cac tap
sau:
Xi={m+a|1<i<j<r}, (4.17)
va
YVe={yi+yj|1<i<j<n-—r}, (4.18)

R6 rang réng, luc luong clia tap X va Y lan lugt 1a ("3') va ("5 ).

Dinh ly 4.6.1. Bac dai s6 §(m,n,r) trong quy hoach nita xzdc dinh dugc cho bdi

cong thic sau:

c(m,n,r
d(m,n,r) = (—1)”%, (4.19)
trong dé c(m,n,r) la hé s6 cia don thic x?*l . -xﬁ_ly{zfl "L trong khai trién
cta da thic
n—r r
ho () hu(V) [ [ (i = ) [ [wi — wi) [T [T wi = 29)
j#i j#i i=1 j=1

d day hy(X) la da thic doi zing thuan nhdt day di thit u theo ("5') bién vdi cdc
bién la cdc phan ti cia tap X va hy(Y) la da thic déi ming thuan nhat day di thi

v theo (”_;"”Ll) bién vdi cac bién la cic phan ti cia tap Y.

Chatng minh. Ap dung cong thic Atiyah-Bott- Berline-Vergne (|1.1) vio cong thic
tinh bac dai s6 (4.11) ctia von Bothmer-Ranestad. Hiep [32, Dinh 1y 1] da chi ra
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rang

Av IAu Ic
5 = (=1) s 4.20
IC|n],#I=r
trong do
T = (00 ] @i—ay),
el jele
e1(Ar) ea(Ar) es(Ar) ... ey(Ag)
1 e1(Ar) ea(Ar) ... ey—1(Ag)
AU,[ = det 0 1 er(Ar) ... ey—3(Ap) ,
0 0 0 el(AI)
VXV
61(A]a) 62(A]c) 63(A]c) €U(AIC)
1 €1<A]c) 62(A1a) eufl(A[c)
AuJC = det 0 1 €1 (AIC> Ce 6u,3(AIC) s
0 0 0 ce el(A[c)
uUXu

véi e;(Ag) 1a da thiic doi xitng co ban thit i v6i cac bién 1a cac phan tit clia tap
Ar={N+X|i,jeli<j},
va e;(Ae) 1a da thiic doi xitng co ban thit i v6i cAc bién 1a cac phan ti clia tap
Are={Ni+ N\ | 4,5 € 1% <3}
Theo dong nhat thitc ctia Jacobi-Trudi , ching ta co
ho(A7) = Ay g va hy(Age) = Ay pe.

Vi vay, theo cong thiic (4.20), ching thu duge két qua

hey (AI)hU(A?>

o(m,m,r) = (=1)° [icrjer-(i = A5)

IC|n],#I=r

Ap dung Dinh 1y |4.5.1] ching ta thu duge két qua mong doi. O

Vi du 4.6.1. Tinh bac dai s6 6(m,n,r) v6in =3, m = 2,r = 2.
Ta co

hi(X) = (2x1) + (21 + x2) + 222 = 3(x1 + x2) va hi(Y) = 2.
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Da thic

(X)) @i = 2) [ [ = wp) [T ] Twi — =)
i i i=1 j=1

= 3(z1 + 22)2y1(21 — 22) (22 — 1) (Y1 — 1) (Y1 — 72)
= —6(3:‘1’ — .’17%.’132 — ;1:1355 + x%)(yi)’ — y%xz — xly% + z12291)-

Sau khi khai trién da thic trén ta thu duge he s6 ctia don thite 2223y3bing -12.

Do do
1 C<27 37 2)

211!
Chi ¥ rang, két qua ciia Dinh 1y cung cap mot phuong phap t6 hgp dé tinh

5(2,3,2) = (1) = 6.

cac bac dai s6 trong quy hoach nita xac dinh.

4.7 Moét sb6 két qua ctia da thic d6i xing

Dau tién, ching toi chiing minh hai b6 dé duéi day vi chiing rat can thiét trong
chiing minh cac két qua clia cdc phan sau.

Dé thuan tién trong viéc trinh bay cong thitc, ching ta sit dung cac ky hieu sau:

Ky hiéu [n] thay cho tap {1,...,n} va ky hiéu [[n]] thay cho tap {0,1,...,n}.

Ky hieu S, 1a nhom doi xting ctia tap [r], mdi phan tit o € S, 1a mot hoan vi clia

tap [r]. Him dau ctia mot hoan vi o € S, duge dinh nghia béi

Khi cho A = (\1,..., ;) 1a phan hoach ctia s6 nguyén duong d c¢6 chiéu dai r thi
ta 6 viet A = (k... 2% 19) v6i a; 14 s6 1an i xuat hién trong phan hoach. Chu
¥ rang Zle ioy = d.

Bo6 dé 4.7.1. Cho X la mot phan hoach vdi do dai I(X\) < r. Chon la mot s6 nguyén

dwong sao chon > r. Khi dé, hé s6 cia don thitc 271 27! trong da thic

s/\(xl,...,x,«)H(:z:i — xj) (4.21)
JFi

bang r! néu A = ((n —r)") va bing 0 néu X # ((n —r)").

90



Chiing minh. Dau tién ching ta ching minh néu A # ((n —7)") thi da thic ([4.21))

_1.

khong c6 don thiic 27~ -+ 277! trong khai trién ctia né.

That vay, ta co:

r(r+1)
sx(x1, ..., xp) l_I(xZ —z;) = (1) 2 axys.(v1,...,20)as, (21, ..., )
JF#
r(r+1) r—j —j
= (=1 > det(x?]+T j)rxr det(xz ])’I"XT

= (07T [ Y sen(e)2 ) | | sgn(0)2"0)

g€ES, €S,

= (=) | Y sen(o)sgn(9)a 00
0,0€S,

Gid st ring 277! 277! 1a mot s6 hang ciia da thite , khi d6 ton tai mot
phan hoach A = (A1,...,\;) sao cho o(A+0,)+0(d,) = ((n—1)") v6i 0,0 € S, nao do.
Vid, =(r—1,r—2,...,1,0) nén o(A+0,) la mot hoan vi cia tap {n—r,...,n—1}.
Vi vay, s6 hang 16n nhat (tuong tng nho nhat) trong o(\+ 6,) phai la n — 1 (tuong
tng n—1r). Dodo, \y =n—rva A =n—r. Vivay, A = ((n —r)"), ditu nay mau
thuan.

Bay gio, ching ta gia st rang A = ((n — r)"). Ro rang

S((n—r)) (T1, -+, Tr) H(xl —xj) = e "(z1,...,2) I_I(xZ —xj)
j#i j#i
= =] — 2.
i=1 j#i
Diéu nay cho thay hé s6 ctia don thite 2771 2P~! trong da thic (E21) tuong
tng vi A = ((n — r)") 1a he s6 ctia don thic 25! 277! trong [z — ).
Thooar! trong

[Tz — ). O

Xét ma tran tam giac Pascal vo han

Hon ntta, trong [56] da chi ra rang r! 1a he s6 ctia don thic z

e
=~ W N = O
D W = O O
- = O O O
_ o O O O
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. (i
trong d6 Pj; = (J)
V6i moi cap cua cac tap con hitu han I, J C N, ky hiéu M;; 14 ma tran con cua
ma tran P véi cac hang lay chi s6 trong I va cic cot 1ay chi s trong J.

Vé6i méi tap con hitu han I = {iy,...,4,} C N, ky hiéu

vr= Y det(M;y), (4.22)
JCN,#J=r
AI) = (i — (r—=1),ip_1 — (r=2),...,i1). (4.23)

Bo dé sau 1a hé qua ctia Bo dé A.15 trong [39].

B dé 4.7.2. Cho X la mot tap duge zdc dinh nhu trong (4.17) va d mot s6 nguyén
duong. Khi do, ta co

ha(X) = Z brsay (1., @) (4.24)

ICN,#I=r | \(I)|=d
Vidu 4.7.1. V6id =2 var =2, ta co:

ho(2x1, 21 + x2, 219) = 7x% + 10x129 + 7x%

= 78(2) + 38(12).

vy
O
o
oy

4.7.3 (Dong nhat thiic hockey-sick). Vdin,r € N,n <n, ta cd:

z”: i\ (n+1

, r)  \r+1)

i=r

Chiing minh. Bo dé dé dang dude chiing minh bing phuong phap quy nap. ]

St dung Bo dé m, Bb dé va B dé4.7.3 ching ta ching minh hai ménh

dé dué6i day vi sy can thiét ciia chiing cho cic chiing minh & phan sau.

Meénh dé 4.7.1. Cho X la tdp duoc zdc dinh nhu trong . Khi dé, hé so cia

don thiic o - - - a¥ khai trién cia trong khai trién cia da thic

er(@r, . x) e (X) [ [ (i — 25) (4.25)
J#i

i ()
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Ching minh. Dat x = (z1,...,2,). Khi d6, ta c¢6

er(2)hy—i(X) - e () > Yrsx(z)

ICN#I=r|\I)|=r—k

— Z dr(san (@)er(x))

ICN,#I=r |X(I)|=r—k

cong t};’rc Pieri Z ¢I ( Z SV(I)) .

ICN,#I=r|\(I)|=r—k gl

Hon nita, theo BS dé [4.7.1] chiing ta c6 he s6 ciia don thitc 27 - - - 27 trong da thiic
(4.25) phai la ¢pr! véi I = [[r]]\ {k} ={0,1,....,k—1,k+1,...,r —1,7}. Ching ta

can chitng minh
r+1
vr= (k + 1)'

Ro rang, trong biéu dién ([4.22)), I thu duge bang cach thay doi cac phan tit tit tap
[[r]], khi d6 tap J la tap con cta [[r]] lam det(Mj ;) # 0, ngudc lai det(My ;) = 0.
Dac biét, ching ta ¢6 I = [[r]] \ {k} va

néu J g [[T”, thi det(MLJ) = O,
néu J = [[r]] \ {a} v6i a < k thi det(M; ;) =0,
néu J = [[r]]\ {b} v6i b >k thi det(M; ;) = (}).

Nhu vay
T
b r+1
JCN#J=r b=k
Diang thitc cudi ciing dude suy ra vi dong nhat thiic hockey-stick. O

Meénh dé 4.7.2. Cho X la tap hop duge zdc dinh nhu trong (4.17). Khi d6, he sé

ciia don thitc o7 -+ 2T+ trong khai trién cia da thic

er(@1, o we)hop i (X) [ [ (i — 2)) (4.26)
j#i

la (k+1)(;55)rl.
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Ching minh. Dat x = (z1,...,2,). Ta co

e () hap_p(X) = ex () >

ICN#I=r|\(I)|=2r—k

o1 (saeny (z)er(x))

- >

ICN,#I=r|\(I)|=2r—k

cong thic Pieri Z

ICN,#I=r|\(I)|=2r—k

Yrsxa ()

o i)

v

Theo B6 dé 4.7.1) hé s6 clia don thiic 2+t 271 trong khai trién ctia da thic

(4.26) phai 1a oyr! véi A(I) = (27, 1%), nghia la

I=Q0,...)kk+2,....,7r+1).

Véimoi J = [[r+1)]\{i,j} v6i0<i<j<r+1,ta

0

det(M; ;) = (kil) - (k+ 1

Vi vay

Yr= Y det(Mp)

JCN,#I=r

:§§<(kil) - (kil

:(k+1)(l:j:§).

co

)

)

J
> ()G
0<i<j<r+1

)

Diang thitc cudi ciing dude suy ra vi dong nhat thiic hockey-stick. O

4.8 Mot sé6 vi du va ap dung

Ap dung Dinh 1y |4.6.1, Menh dé 4.7.1) va Menh dé

4.7.2

| ching t6i sé chtiing minh

nhiing két qua duge du doén bdi Nie, Ranestad va Sturmfels [44].
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Meénh dé 4.8.1. Bac dai 56 6(m,n,r) trong quy hoach nita xdc dinh théa man quan

5(m,n,7“):5<<n_2|_1) —m,n,n—r). (4.27)

Chitng minh. Theo Dinh 1y [4.6.1] ching ta c6

hé doi ngau

trong dé ¢ ((";1) — m,n,n—r) la hé s6 cta don thic x?‘l . -xﬁjy’f‘l R Vi
trong khai trién ctia da thic

T n—r T n—r

ho (X)) [ [ @i = 2) [T —u) [T 11 (i — =)
J#i j#i i=1j=1
Cha ¥ ring
ITTI@i—w) =0 T ] — =),
=1 j=1 1=1 j=1

va

Vi vay, ching ta c6

Nhu vay, ménh dé da dude chitng minh. O

Ménh dé 4.8.2. Khir =n —1, ta co:

d(m,n,n—1) = om—1 (n)

m

Chatng minh. Theo Dinh 1y |4.6.1] ta c6

m_1C(m,n,n —1)

d(m,n,n—1) =(-1) T

trong d6 c(m,n,n — 1) 1a he s6 ctia don thiic x?*l . wﬁjy?*l trong khai trién ctia
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da thtc

n—1 n—1
P (X ) hm—1(291) H(l’i — x5) H(yl —xi) =
i i=1
n—1 n—1
a2 [ - 2) | 3D enon, w1
i k=0
n—1
= (—1)m712m71€m,1<l‘1, ey 1) e (X)) H(ml — xj)y?_l + cac sO hang
J#i

n—1

khong chia yy

= (—1)m~1gm—1 (n) (n— D)l a" 1y 4 cac s6 hang khéc,
m

Ding thitc cudi ciing thu duge tit Ménh dé voi k=m — 1. O

Ménh dé 4.8.3. Khim =3 var=n—2, ta co:

5(3,n,m —2) = (";1)

Chitng minh. Theo Dinh 1y 4.6.1] ta c6

c(3,n,n—2
i(3,m,n—2) = —((n—2)!2! ),

71.

trong d6 ¢(3,n,n — 2) la he s6 cta don thic =7 -«xZ:%y{“lyg‘*l trong da thiic

sau
n—2 n—2
hon—a(X) | [ (2 — 2)) urye — vi — 3) [ [ — =) [ [ (w2 — 24)
i i=1 i=1
= 2hop—4(X) H(xl — )yt 15! + céc 6 hang khac khong chita ¢~ 'yh L.
JF#i
1 .
=2 (n ;)_ )(n — )l lyn =yl 4 cac 86 hang khéc.
Diang thitc cudi ciing thu duge tit Ménh dé v6i k = 0. O

Meénh dé 4.8.4. Khim =4 var =n—2, ta co:
1
6(4,n,n —2) :6(n1_ )

Chitng minh. Theo Dinh 1y 4.6.1] ta c6

c(4,n,n—2
6(4,”,71—2) = —W
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71.

trong d6 c(4,n,n — 2) 1a hé s6 clia don thic z} -~x2:%y?*1y§*1 trong da thiic

sau
n—2 n—2
hon—s(X) (V) [ [(@i = 25) @oaye — o7 — 13) [ [(wr — ) [ (w2 — 20)
i i=1 i=1
n—2 n—2
= hon—5(X) (V) [ [ (i — 2)@yrye — o7 — 3) [ (1 — 20) [ [ (w2 — 4)
i i=1 i=1
— n—1,n—1 < S ~ P n—1 n—1
= —6e1(x)h2n—5(X) H(xl —x;)y; "ys  + cac so hang khong chita v "yg .
JFi
_ n+1 1,.n—1 n—1,n—1, n—-1 £ 5 h kh
=—12 4 (n =22y a1y "ys~ + céc so hang khac.
Dang thiic cudi cting thu duge tit Ménh dé voi k= 1. O
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Két luan
Luan an da dat dudc cac két qua sau day:

1. Stt dung nhiing két qua vé dic trung sb giao clia cac 16p dic trung trén da tap
Grassmann, ching toi dua ra mot dac trung t6 hop cho bac ciia da tap Fano
clia cac khong gian con tuyén tinh trén mot giao day du trong khong gian xa
anh phitc dusi dang hé sé ctia mot don thitc dac biét trong khai trién ctia mot
da thitc doi xiing (xem Dinh 1y . Két qua nay cung cap mot phuong phap
tiép can to hop cho bac ctia da tap Fano. Dic biét, trong trusng hgp chiéu ctia
da tap Fano bang 1, ching toi da chi ra cong thic lién hé gitta giong va bac
cho duong cong Fano (xem Dinh 1y .

2. Sit dung cac k¥ thuat tinh todn ctia Iy thuyét giao trén khong gian xa anh,
chiing t6i tinh dic trung Chern ctia phan thé Tango trén khong gian xa anh va
16p Todd ctia phan thé tiép xtc trén khong gian xa anh (xem Ménh dé m
va Ménh dé . Tt do, chiing t6i chi ra mot cong thic tinh dic trung Euler
ctia phan thé Tango trén khong gian xa anh n - chiéu (xem Dinh 1y . Két
qué dat duge 1a co sé dé tiép tuc nghién citu dac trung Euler ctia phan thé

Tango trén da tap Grassmann.

3. Stt dung nhitng két qua vé sb giao clia cac 16p dac trung trén da tap Grassmann,
chiing t6i da dua ra mot diic trung to hop cho bac dai s6 trong quy hoach ntia
xac dinh. Dic trung nay cho phép biéu dién bac dai s6 trong quy hoach nita
xéac dinh thong qua hé s6 ctia mot don thic dic biét trong khai trién ctia mot
da thitc déi xing kép (xem Dinh Iy . St dung dac trung nay, ching toi
chting minh lai cac két qua ctia Nie, Ranestad va Sturmfels theo mot cach don

gian hon (xem céc Meénh dé 4.8.1] 14.8.2] 14.8.3] |4.8.4). Hon nita, chiing toi ciing

chi ra cac két qua thu vi lien quan dén cac da thitc Schur, da thitc déi xiing so
cap va da thitc doi xiing thuan nhat day du (xem Ménh dé va Ménh dé
. Nhitng két qua nay déng gép thém nhiéu diéu tha vi lien quan dén cac
16p da thiic dbi xing co ban. Bén canh do, ching t6i ciing cung cap théem mot
cach ching minh doc 1ap cho Dinh 1y trong [33] tit cdm hing ctia Don
Zagier trong [25, Menh dé A.1].
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Mot sé huéng nghién ciu tiép theo

Trén co s6 két qua da dat duge ciia dé tai, ching toi dé xuat cdc huéng nghien

citu tiép theo trong thoi gian t6i bao gom:

e Nghién citu bat bién Gromov-Witten v6i bac cao hon cho da tap Grassmann

kiéu Lagrange.
e Nghién citu phién ban K-ly thuyét ctia hé s6 Littlewood—Richardson.

e Mo td mot thuat toan dé tinh toan dic trung Euler ciia céc phan thé Tango

trén da tap Grassmann.
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